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ABSTRACT. We introduce the notion of eventually uniformly weak truth table
array computable (e.u.witt-a.c.) sets. As our main result, we show that a com-
putably enumerable (c.e.) set has this property iff it is weak truth table (wtt-)
reducible to a maximal set. Moreover, in this equivalence we may replace max-
imal sets by quasi-maximal sets, hyperhypersimple sets or dense simple sets
and we may replace wtt-reducibility by identity-bounded Turing reducibility
(or any intermediate reducibility).

Here, a set A is e.u.wtt-a.c. if there is an effective procedure which, for any
given partial wtt-functional i’, yields a computable approximation g(z,s) of
the domain of 4 together with a computable indicator function k(z, s) and
a computable order h(z) such that, once the indicator becomes positive, i.e.,
k(z,s) = 1, the number of the mind changes of the approximation g on z
after stage s is bounded by h(z) where, for total @A, the indicator eventually
becomes positive on almost all arguments z of ®4.

In addition to our main result, we show several properties of the computably
enumerable e.u.wtt-a.c. sets. For instance, the class of these sets is closed
downwards under wtt-reductions and closed under join. Moreover, we relate
this class to — and separate it from — well known classes in the literature. On
the one hand, the class of the wtt-degrees of the c.e. e.u.wtt-a.c. sets is strictly
contained in the class of the array computable c.e. wtt-degrees. On the other
hand, every bounded low set is e.u.wtt-a.c. but there are e.u.wtt-a.c. c.e. sets
which are not bounded low. Here a set A is bounded low if AT <, 01, ie.,
if AT is w-c.a., where A is the wtt-jump of A (Anderson, Csima and Lange
[ACLIT).

Finally, we prove that there is a strict hierarchy within the class of the
bounded low c.e. sets A depending on the order h that bounds the number of
mind changes of a computable approximation of AT, and we show that there
exists a Turing complete set A such that At is h-c.a. for any computable order
h with h(0) > 0.

1. INTRODUCTION

The first goal of this paper is to seek to understand the computational power
of a class of computably enumerable sets, the maximal sets, in terms of what
kinds of sets they can compute, at least through the eyes of a strong reducibility.
Our answer to this question yields another goal of this paper. We introduce a
new hierarchy classifying computably enumerable sets according to their ability to
compute functions and sets, measured in terms of their “mind change” moduli.
This is in the spirit of the Strong Jump Tracing [GT18] and Downey-Greenberg
Hierarchies [DG20]. However, our new hierarchy is not aligned to either of these
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hierarchies. The new hierarchy is generated via a calibration method involving
strong reducibilities and restricted forms of the jump, which may well have further
applications. Before we turn to our results, we wish to place them in a historical
context.

1.1. Post’s Programme and Maximal Sets. Early applications of computabil-
ity theory to demonstrate problems in classical mathematics were algorithmically
undecidable all worked essentially in the same way. These proofs directly code the
halting problem into the decision question at hand. It seemed that all semidecidable
(i.e. computably enumerable, c.e.) problems, such as the Entscheidungsproblem
or the word problem for groups, were simply the halting problem in disguise under
the equivalence =p. This observation led to Post’s Problem which asked if there
were intermediate computably enumerable Turing degrees. That is, do there exist
c.e. degrees a with 0 <r a < 0’7

In the quest to solve this question, Post’s Programme [Pos44] tried to find a
“thinness” property of the complement of a c.e. set which would guarantee Turing
incompleteness. In [Posdd], Post gave the motivation for this programme. Whilst
he could not solve his problem, he observed that it is possible to solve it using the
thinness approach for reducibilities stronger than Turing reducibility, such as m-
and tt—reducibilitie&ﬂ For example, recall that a co-infinite c.e. set A is simple if its
complement is immune: it has no infinite c.e. subsets. Also, A is called hypersimple
if there is no computable sequence of pairwise disjoint canonical finite sets { Dy, |
r € w} where for all 2, Dy, N A # (. Post showed that if A is simple then
it has intermediate m-degree, and hypersimple sets have intermediate tt-degrees.
One reducibility stronger than T-reducibility (but weaker than t¢t-reducibility) is
weak truth table (wtt-) reducibility, where A <,,;; B means that there is a Turing
procedure ® and a computable function ¢, such that ®7(x) = A(z) and the use of
®B(z) is less than ¢(x) for all z. If ¢ is the identity function, then we would say
A <;pr B (identity bounded Turing reducibility). Friedberg and Rogers [FHRA59]
showed that hypersimple sets have intermediate wtt—degree&ﬂ

It is worth noting that the concepts introduced by Post [Pos44] have been highly
influential. The original solution to Post’s Problem was by Friedberg [Fri57] and
Muchnik [Mc56]. These papers famously introduced the priority method in com-
putability theory. The concepts of immunity and hyperimmunity correlate with
various domination properties whose ramifications are still being explored today,
both in computability theory and in reverse mathematics. As well as being some
of the mainstays of computational complexity (in time bounded form) Post’s fine-
grained reducibilities have had applications especially in the theory of algorithmic
randomness as they allow for transfer of measure.

Since Post was unable to show that any of his c.e. sets with thin complements
were necessarily Turing incomplete, he suggested that perhaps there were c.e. sets
with even thinner complements. He asked if there exists a c.e. maximal set. That
is, a c.e. co-infinite set M such that for all c.e. sets W, if M C W then either

IWe remind the reader that A <,n B means that A is computable or there is a computable
function f such that x € A iff f(x) € B. A <4 B can be formulated as A <t B via a Turing
procedure ®, ®B = A, such that ®X is total for all oracles X. Both of these reducibilities were
clarified by Post [Pos44].

2In fact Downey and Jockusch [DCIJ87] showed that if A is hypersimple, then there is no set
X with A Lyt X and AD X >ppt 0.
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M =* W (finitely different) or W =* w. Post did not know if there was a maximal
c.e. set. In [Eri58], Friedberg gave a novel and intricate construction of a maximal
set, using a primitive form of the infinite injury method. Would such a set yield a
realization of Post’s Programme?

Alas no. We now know that Post’s Programme, in its original form, has a
negative solution since there is a Turing complete maximal set (Yates [Yat65]).
Moreover, since Soare [Soa74] showed that all maximal sets were automorphic in
the automorphism group of the lattice of c.e. sets, there are no “extra” properties
we could add to maximality which would guarantee Turing incompleteness. In-
deed, Cholak, Downey and Stob [CDS92] showed that no property of the lattice of
supersets of a c.e. set A alone can guarantee incompleteness.

Ultimately Post’s intuition that structural properties of a c.e. set in the lattice
of c.e. sets can guarantee incompleteness does have a realization. Harrington and
Soare [HS91] showed that there is an elementarily definable property @ of c.e. sets
such that Q(A) guarantees incompleteness and noncomputability, and there were
c.e. sets A such that Q(A) held.

1.2. Maximal sets. Turning the Post programme on its head, Martin [Mar66] and
Tennenbaum [Ten61] showed that maximal sets are computationally powerful, rather
than weak, as measured by Turing degree. In particular, they are all high. That is,
if M is maximal then M’ =7 (). Thus, computationally, they are indistinguishable
from the halting problem when we use only the Turing jump to understand them.

The high c.e. degrees are an important well-understood class. Martin realized
that the high c.e. degrees capture the computational complexity of a number of
classes of c.e. sets. He showed that the high c.e. degrees are precisely the degrees
capturing the combinatorics and computational power (in terms of <r) of dense
simple, r-maximal, hyperhypersimple, and similar setsﬂ High sets have the ability
to compute a function g wich dominates all computable functionﬂ This highness
characterization in terms of domination properties has also been used in many
other contexts from computable model theory, degree theory (see Lerman [Ler85]),
algorithmic learning theory (Gold [Gol67]), algorithmic randomness (see, e.g., Nies,
Stephan and Terwijn [NSTO05]), etc. Similar jump characterizations such as lows
(i.e. X" =7 (") have proven very productive (Lerman [Ler85], for example).

1.3. New initiatives. Beginning with the work of Downey, Jockusch and Stob
[DJS90, [DJS96], a finer classification of c.e. sets has been initiated. This classifies
sets according to the number of mind changes needed to compute approximations.
Shoenfield’s Limit Lemma says that f <7 0 iff there is a computable approximation
g(, ) such that g(z,s+1) # g(x, s) for only finitely many s and f(z) = lim; g(z, s).
Going back to work of Ershov [Ers70], it is possible to understand how complex a
AY set or function is by classifying the complexity of its computable approximations
g according to their “mind change” functions:

my(z) = s | g(x,s + 1) # g(x, )}

For example, f <, @ iff there is a computable approximation g of f and a com-
putable h where m,(x) < h(z). We say that f is h-c.a. (computably approzimable)

31t is not important here to define these sets, save to say that they are important classes of
c.e. sets.
4That is, if f is computable then g(z) > f(x) for almost all z.
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where we usually assume that the bound h is an order, i.e., nondecreasing and
unbounded.

The [DJS90] intuition is that we can classify c.e. degrees and sets according to
the mind-change complexity of the functions computable from them. A degree
would be computationally weak in this sense if it could only compute things with
computable approximations which have few mind changes. Downey, Jockusch and
Stob studied the c.e. degrees a such that there is a computable h such that every
function f <p ais h-c.a. These degrees are called the array computable degrees.
They precisely capture the combinatorics of a wide class of degree classes in several
parts of computability theory. (This is elaborated in Section) This idea was later
generalized by Downey and Greenberg [DG20] by using computable ordinals into
an infinite hierarchy, where array computability was the bottom of this hierarchy.
The second level is a non-uniform version of being array computable.

Definition 1.1. a is called totally w-c.a. iff for each f <t a, there is a computable
h such that f is h-c.a.

Again the notion of being totally w-c.a. captures the combinatorics of a large
number of constructions in computability theory, algorithmic randomness and ef-
fective model theory. We refer the reader to [DG20] for a detailed discussion.

Related here, and of great relevance to us, comes the notion of approximating
partial a-computable functions. Frequently this is done in terms of tracing. We say
that a set A (and its degree a) is jump traceable at order h (or h-jump traceable
for short) if, for any partial A-computable function v, there are uniformly c.e. sets
{T,, | n € w} with |T,,| < h(n) for all n and ¢ (n) | implying ¢ (n) € T),. This notion
was explicitly introduced by Nies [Nie06], although the idea had been used earlier.
Certainly the idea of taming the complexity of a function using tracing had arisen in
set theory, and this was the inspiration for its use in algorithmic randomness where
it is used to characterize lowness for Schnorr randomness and helps understand
K-triviality (see Terwijn and Zambella [TZ01], Downey and Hirschfeldt [DH10]).

Jump tracing is widely used in the theory of algorithmic randomness, and is a
lowness property, in that it implies computational weakness. For example, a natural
refinement of the notion of a low set is called superlowness. A set A is superlow if
A" =y I (equivalently, A’ =4 (1'). Tt is easy to see that a c.e. set A is superlow iff
A is h-jump traceable for some computable order h.

1.4. The computational power of maximal sets. Our work was inspired by
the following attractive result.

Theorem 1.2 (Barmpalias, Downey and Greenberg [BDGI10]). A c.e. set A is
wtt-computable from a hypersimple c.e. set iff A has totally w-c.a. Turing degree.

Our motivating question, asked by Ambos-Spies, is

“What is the analog of Theorem if we replace hypersimple by
maximal?”.

Our hope was that we would get a class of sets A which fell into one of the classes
totally w-c.a., array computable, superlow, or similar classes already investigated
in the literature. Unfortunately, this is not the case. It turned out that the answer
to Ambos-Spies’s question lay not in understanding the Turing jump, but a weaker
notion called the wtt-jump.
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The way that this classification came about was quite natural. Initially, we found
that if A was a c.e. superlow set, A <,; M for some maximal set M. We analysed
the proof and realized that all of the uses of the computations in the construction
had computably bounded uses, and a weaker notion being wtt-superlow sufficed.
We discuss this concept in the next subsection.

1.5. The wtt-jump. The strong reducibilities, in particular wtt-reducibility and
tt-reducibility, turned out to be a central unifying idea in algorithmic randomness
(e.g., Downey-Hirschfeldt [DH10]). This fact, plus work in many other areas using
reducibilities stronger than Turing, show that, rather than mere artifacts of defi-
nitions in classical computability theory, hierarchies related to strong reducibilities
and bounded jump operators (such as those below) can give classification and uni-
fication of combinatorics in parts of computable mathematics. As a consequence,
it seems we should better understand analogs of the core notions of classical com-
putability for such hierarchies. This paper contributes to that program.

The earliest analog of a jump operator using only bounded reducibilities is
the “mini-jump” hierarchy introduced by Ershov [Ers70] as discussed in Odifreddi
[0di99], Chapter XI.6. Ershov’s hierarchy concerned a jump operator for the m-
degrees involving the partial m-degrees. Also a bounded analog of the jump for
tt-reductions was investigated by Gerla [Ger79).

For us the bounded jump for wtt-reductions will be of interest. As in Downey
and Greenberg [DG20], from a standard listing of all pairs consisting of a partial
Turing procedure and a partial computable function, we obtain a standard listing
{(i)e}eew of the partial wtt-functionals together with a computable listing {@e }ecw of
the corresponding partial computable use bounds (see Section [3[ below for details).
Then the wtt-jump or bounded jump of a set A is defined by

At = {le,2) : DA (@) 1.

Clearly the usual equivalences obtained by the s-m-n theorem apply. So the wtt-
jump of A is (up to m-degree) the same as the diagonal witt-jump {e | 2(e) |}
(in the literature sometimes the latter is denoted by A'). Note that () =, 0, and
that for a c.e. set A, (" <yr AT <uie (07)T. Moreover if X is AY, XT is also A9.

The analog of the idea of lowness for the bounded jump can be defined as follows.
A set A is bounded low or wtt-superlow if AT <, 0" (or, equivalently, AT < ().
Variations of bounded lowness - all of them wtt-equivalent to this notion - have been
studied by Coles, Downey, and LaForte [CDIL98], Csima, Downey and Ng [CDNT1],
Anderson and Csima [ACI4], Ambos-Spies, Downey and Monath [ASDMss|, and
Wu and Wu [WW19]. It is easy to see that all superlow sets A are bounded low
(i.e., wtt-superlow), but below we prove that there are Turing complete bounded
low c.e. sets. (This result was independently obtained by Wu and Wu [WW19].)

We discovered that, if A is wtt-superlow, then A <, M for some maximal set
M. However, wtt-superlowness is not a necessary condition to be <,,;; M for some
maximal M.

1.6. The main theorem. In the end, we discovered that a technical variation of
the idea above actually gives a necessary and sufficient condition. This variation
will be defined in Section[d] and is called eventually uniformly wtt-array computable.
Armed with this notion we prove the following.
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Theorem 1.3. For a c.e. A, A <,y M for some mazximal set M iff A <, M for
some maximal set M iff A is eventually uniformly wtt-array computable.

Moreover, in this theorem we may replace maximal sets by quasimaximal sets
or hyperhypersimple sets or dense simple sets. The proof of Theorem is quite
technical and will be given in Section [

1.7. New Hierachies. We have seen that our new notion of (eventual) wtt-array
computability classifies precisely the computational power of maximal sets. Having
seen the usefulness of the ideas of array computability, superlowness, and those in
the Downey-Greenberg Hierarchy, we believe that hierarchies based around analogs
of these ideas, but concerning strong reducibilities could well prove similarly useful.
Thus we will devote the remainder of the paper to this exploration. Proofs are
given in some detail as the techniques here are new.

Since the new notions concern weak truth table reducibility, it is natural to ex-
plore these concepts via reducibilities stronger <7, whilst still keeping in mind how
they relate to known hierarchies. In the later sections we show that the wtt-degrees
of the eventually uniformly wtt-array computable c.e. sets form an ideal (Section.
We relate the e.u.wtt-a.c. sets to other lowness notions thereby giving strict lower
and upper bounds on the class of the c.e. sets with this property (and their wtt-
degrees). First we show that any wtt-superlow set is eventually uniformly wtt-array
computable (Section @ and that any eventually uniformly wtt-array computable
c.e. set is array computable (Section . Then, in the final Section |8 we give sep-
arations of these concepts by showing that there are maximal sets which are not
wtt-superlow, and there are array computable c.e. sets which are not wtt-reducible
to any maximal set. Note that, by wtt-invariance of the e.u.wtt-a.c. property, these
separations extend to the corresponding wtt-degrees.

1.8. A new hierarchy of bounded lowness. In Section [f] we have a closer look
at the wtt-superlow (i.e., bounded low) c.e. sets. We remark that Anderson, Csima
and Lange already demonstrated in [ACL17] that the bounded jump and the Turing
jump are quite different with respect to the low/high hierarchy by showing the
existence of both a low set which is bounded high and a high set which is bounded
low. For example we can sharpen at least on of these results by demonstrating the
following.

Theorem 1.4. There is a T-complete wtt-superlow c.e. set.

In fact, we get more. The wtt-analog of (h-)jump traceability, (h-)wtt-jump
traceability, turns out to be equivalent to wtt-superlowness (just as jump-traceability
is equivalent to superlowness). This leads to a new hierarchy of the wtt-superlow
sets based on the growth rates of the orders h. This is a strong reducibility analog
of the Downey-Greenberg Hierarchy, but calibrates the c.e. sets in ways which are
very different from that known hierarchy.

We first show that this hierarchy is proper. This result allows us to can define
very strong lowness notions, such as A being strongly wtt-superlow if A is h-wtt-
jump traceable for all computable orders h. Theorem [I.4]can actually be improved
to say that there is a Turing complete strongly wtt-superlow set. Whilst we have
only begun exploration of this new hierarchy, we will prove this and some other
results in Section 6.
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2. NOTATION

We follow the standard notation as given in [Soa87]. In particular, {®¢}ee, de-
notes a standard enumeration of all Turing functionals, where o () denotes the use
of a computation of ®4(z) with oracle A and input z. Moreover, {(}.c., denotes
a standard enumeration of all unary partial computable functions and {W,}ccw,
where W, = dom(p.) — the domain of ¢, — denotes the induced standard enumera-
tion of all c.e. sets. We let 2, (z), p2,(z) and ¢, () denote the approximation of
®A(z), 2 (x) and @, (z) within s steps, respectively, and we let W, ¢ = dom (¢, s).
We adapt the now commonly used Lachlan notation for approximations of com-
putations, i.e., if A is a set and {A;}se. is a sequence of sets approximating A in
the limit then we let ®7'(z)[s] = ®21(z). Finally, we follow the usual convention
on converging computations, i.e., for any oracle A and any numbers e, z,y, s, if
@é‘g(x) l= y then max{e,z,y, p2(¥)} < s, and, similarly, if ¢, s(z) }= y then
max{e, z,y} < s; in particular, we have W, s Cw [ s.

3. BASIC DEFINITIONS AND PROPERTIES

Let us start by giving the definition of the bounded jump. The underlying
notation is mostly adapted from [DG20].

Definition 3.1 ([DG20]). For any set X C w and for any numbers ep,e1,y € w,
let

- x el @) X (y) L we,(v) b and ¢ (y) < e, (v),
(1) Pen®) = ‘

0t T otherwise,
(2) @(eo,eﬁ = Pey -
Given a set A, the (diagonal) bounded jump and the bounded jump function of A,
denoted by A' (AL) and J*, respectively, are defined as

(3) Al = {{e,z) : & (2) 43,
(4) AL ={e: d(e) |}, and
(5) JA(e) = &l (e).

For notational convenience, we define the bounded jump A of a set A such that
AT codes all computations of partial wtt-functionals instead of only the diagonal
computations, the latter one being denoted by AL. However, it is easy to see that
At and AL are computably isomorphic (see clause [3.| of Lemma H below). Before
we start examining some of the properties of Af and JA for a (c.e.) set A, let us
make some general remarks on the definition of ®, and introduce some terminology
to be used below which is also mostly taken from [DG20]. First of all, we say that
a Turing functional ® is a wtt-functional if there exists a number e € w such that
@ = d,. Note that, for any set A and any total function g, g <.+ A holds iff there
exists e € w such that g = éf So {ée}eEw incorporates all wtt-reductions.

Using {@e}eew, we may extend the definition of being wtt-reducible to a set A to
partial functions. We say that a partial function ¢ : w — w is wtt-reducible to a set
A, and denote it by ¢ <, A, if there exists e € w such that ¢ = éf Furthermore,
for sets A and B, we say that A is bounded computably enumerable in B, bounded
c.e. in B or bounded B-c.e. for short, if there exists a partial function ¢ such that
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¢ is wtt-reducible to B and A = dom(y). In particular, AT is bounded c.e. in A for
all sets A. R R
We fix computable approximations (I)io,m),s(y) (s > 0) of X

(eoser)
é{gmel%s(y) is defined iff i)fimﬁ)(y), X .(y) and @, s(y) are defined. Then, for
any c.e. set A and any fixed computable enumeration {A;}sc, of A, we have a
canonical approximation to AT, denoted by {Al}.c., such that, for all numbers e, z,
we have that (e, z) € Al iff A(z)[s] |. We tacitly assume that this approximation
to At is clear from the context whenever a c.e. set A and a computable enumeration
of A is given to or constructed by us. Note that if ®2(z)[s] | holds for infinitely
many stages s then @f(m) | holds as the use of &, is bounded (this does not hold
for Turing functionals in general).

Moreover, we will often make use of the Recursion Theorem (with Parameters)

with respect to {fi)e}eEw. For that, we need the following definition.

(y) where

Definition 3.2. A sequence of wtt-functionals {U,}ce,, is uniformly computable if
{Ue}eew is uniformly computable in the sense of Turing functionals and there exists
a uniformly computable sequence of partial computable functions {1 }ec,, such that,
for any e € w, the use of V. is bounded by ..

Then the following lemma says that {@e}e@d is a Godel numbering of the wtt-
functionals whence we may argue as in the proof of the classical Recursion Theorem
(with Parameters) that the Recursion Theorem also holds for uniformly computable
sequences of wtt-functionals.

Lemma 3.3 (Recursion Theorem (with Parameters)). Let {U,}ec,, be a sequence
of wtt-functionals and g : w — w and H : w?> — w be total computable functions.
Then the following holds.

1. {¥.}ecw is uniformly computable iff there exists a computable one-one func-
tion f : w — w such that ¥4 = é’ﬁ(e) holds for any number e and any set
A.

2. There exists e € w such that ig(e) = ..

3. There exists a computable function h : w — w such that @h(e) = @H(h(e),e)
holds for any e € w.

Proof. For the ”only if’-part of clause note that a sequence {<i>f(e)}e€w, where
f :w — wis a computable function, is a uniformly computable sequence of wtt-
functionals since the use bound {(y(c)}cew is a uniformly computable sequence of
partial computable functions. For the ”if’-direction, by Definition [3.2] we may fix
computable one-one functions f; : w — w (¢ < 1) such that, for any e € w, we have
U, = @ () and e = @y, (¢). Then, by and by assumption on V., we have that
U, = <i>f(e) for the computable one-one function f(e) = {fo(e), f1(e)).

For the proofs of clauses and it is easy to see that the proofs of the
Recursion Theorem and the Recursion Theorem with Parameters can be carried
out in the setting of uniformly computable wtt-functionals. In the following, we
give a sketch of the proofs by outlining the critical parts.

For clause 2., the proof is as follows. For any numbers e, x € w and any set A,
let

U (z) = {‘i’i(@(m) if we(e) 4,

T otherwise.
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Then the sequence {¥.}ee,, is a uniformly computable sequence of Turing func-
tionals whose use if uniformly bounded by 1. (x) = @, (e)(2). So since {te}eew is
a uniformly computable sequence of partial computable functions, by clause [T we
may fix a computable function d : w — w such that U2 = <I>A( ) holds for any e € w
and any set A, and we may fix ¢ € w such that ¢;(z) = g(d(z)). Then, by virtually
the same argument as in the proof of the classical Recursion Theorem, it follows
that e = d(4) is a fixed point for g.
For clause |3.] we argue analogously. Let

A >(z) _ {‘i’ﬁm(@,y»(@ if ({2, 9)) 4,

(@ T otherwise.

Then since { U, }eey, is clearly a uniformly computable sequence of Turing function-
als and {1 }cew, Where 14 1) (2) = Py, ((,y)) (2) is a uniformly computable sequence
of partial computable functions bounding the use of \I/( W) for any z,y € w and any
set A, we may easily argue as in the proof of the Recursion Theorem with Parame-
ters that h(z) = d(i, ) is as desired, where, by clause L.} d : w? — w is chosen such

that \Iléﬁ’y) = @j(m’y) holds and ¢ € w is chosen such that ¢;({(x,y)) = H(d(z,y),y)
holds for all z,y € w. ([

It is natural to ask what properties the bounded jump operator share with the
classical Turing jump operator if we replace Turing reductions by wtt-reductions.
In the following lemma, we list some of the common properties which can be found
in [DG20, p.30pp].

Lemma 3.4 ([DG20]). Let A and B be any (not necessarily c.e.) sets. Then the
following holds.

1. If A <uu B then there exists a strictly increasing computable function
f:w — w such that, for any e € w, <i> = CDB(e)

2. AT is 1-complete for the class of the bounded A-c.e. sets. In particular, (
is computably isomorphic to 01.

3. There exists a strictly increasing computable function f:w — w such that,
for any e,z and any set A, 2 (x) = JA(f((e,x))). Hence, At is computably
isomorphic to AL.

4. A < AT

5. A <, B implies AT <, Bt.

However, not every property of the Turing jump carries over to the bounded
jump as the following lemma of [DG20] shows.

Lemma 3.5 ([DG20], Lemma 3.6). There is a c.e. set B and a set A such that
At <; BT holds but A £ B

The fact that the converse of clause Bl in Lemma B4 fails is due to the fact that
the Complement Lemma does not carry over to bounded-c.e. sets as Downey and
Greenberg also show in [DG20, Proposition 3.1(3)]. However, the proof of Lemma
(and similarly for [DG20, Proposition 3.1(3)]) builds on the fact that the set
A constructed there may change its mind whether a given x is in A or not more
than once. This leaves the question open whether the Complement Lemma and
hence the converse of clause 5] in Lemma [3:4] hold if A is chosen to be computably
enumerable. We can affirmatively answer both questions.
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Lemma 3.6. For any sets A and B such that A is c.e. or co-c.e., if A and A are
bounded-c.e. in B then A <. B. In particular, if A and B are c.e. then AT <, Bf
implies that A <. B holds.

Proof. For a proof of the first part of the lemma, fix sets A and B such that A
is c.e. or co-c.e. and A and A are bounded-c.e. in B. By A =, A w.lo.g. we
may assume that A is computably enumerable. So fix a computable enumeration
{As}sew of A and fix a number e such that A = dom(‘i)f). Then we can compute
A from B by a Turing reduction whose use is computably bounded as follows.

Let f(z) = ps(z € Ag or ¢ s(x) J). Then f is a total computable function as
Ye(x) | holds for any number z ¢ A. Given z, with oracle B compute the least
stage s > f(x) such that either z € Ay or ifs(x) J. Then, by our assumptions
on A, stage s exists, and x € A iff z € A;. Moreover, since, by the convention on
converging computations, @.(z) < f(z) if e(x) |, B | f(x) can compute the stage
s.

For the second part of Lemma it suffices to note that AT <; BT implies that
A and A are bounded-c.e. in B. So the second part follows from the first part. [

Next, we formulate and prove the main result of this paper.

4. C.E. SETs WHICH ARE BOUNDED TURING REDUCIBLE TO MAXIMAL SETS
For our main result, we make the following definition.

Definition 4.1. A set A is eventually uniformly wit-array computable (e.u.wtt-a.c.
for short) if there exist computable functions g,k : w?> — {0,1} and a computable
order h : w — w such that, for all e, x,

(6) Al(z) = lim g(a, ),

(7) k(z,s) < k(z,s+1),

®) Kw,s) =15 [{t2 s gla,t+1) £ g(z, )} < h(w),
9) Ve (94 total = V=z 3s (k((e,z),s) = 1)).

For functions g, k and h as above, we say that A is eventually uniformly wtt-
array computable via g, k and h, and we let EUwttAC denote the class of all c.e.
e.u.wtt-a.c. sets.

Now the main result is as follows.

Theorem 4.2 (Characterization Theorem). For a c.e. set A the following are
equivalent.
(i) A is eventually uniformly wtt-array computable.
(ii) A is wtt-reducible to some mazximal (quasi-mazimal, hh-simple, dense sim-
ple) set.
(iii) A is ibT-reducible to some mazimal (quasi-maximal, hh-simple, dense sim-
ple) set.

Since ibT-reducibility is stronger than wtt-reducibility, for a proof of Theorem

it suffices to prove the implications and ={(Q)} In fact, since the

strength of the simplicity notions considered here is ordered by

maximal = quasi-maximal = hh-simple = dense simple
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(see, e.g., Soare [S0a87], page 211), in the proof of the former implication it suffices
to consider maximal sets, and in the proof of the latter implication it suffices to
consider dense simple sets. So Theorem [4.2|follows from the following two theorems.

Theorem 4.3. Let A be c.e. and eventually uniformly wtt-array computable. Then
A is ibT-reducible to some mazimal set.

Theorem 4.4. Let A and D be c.e. sets such that A <,,4+ D and D is dense simple.
Then A is eventually uniformly wtt-array computable.

In the remainder of this section we prove these two theorems.

Proof of Theorem[[.3 Let {As}sc be a computable enumeration of A and fix
computable functions g, k and h which witness that A is e.u.wtt-a.c. according to
Definition We construct a c.e. set M in stages s, where M, denotes the finite
set of numbers which are enumerated into M by stage s, such that M is maximal
and A <;7 M. Clearly, any such M witnesses that Theorem @ holds.

Before we give the formal construction, let us discuss some of the ideas behind it
and introduce some of the concepts to be used in the construction. We start with
the task of making M maximal.

In order to make M maximal, it suffices to ensure that the complement of M is
infinite,

(10) M| = w,

and that M meets the requirements

(11) Re: M C* W, or M C*W,.
for e € w.

In order to achieve these goals, just as in the classical maximal set construction
(as for instance in Soare [Soa87]), we use n-states and “optimize” the states of
almost all elements in M. Since we use a priority tree here, however, in our defini-
tion of the states the infinitary outcome (corresponding to the case that W, N M
is infinite) is denoted by 0 (as common on priority trees) and not by 1 as in the
classical definition of states. So here the n-state of a number x at stage s is the
unique binary string o(n, z, s) of length n such that, for e < n,

oln,z,s)(e) =0 iff x €W,

and the (true) n-state of x is the unique binary string o(n, x) of length n such that,
for e < n,
o(n,z)(e) =0 iff x € We.

Note that requirements Ro, ..., R, are met if almost all elements of M have the
same (n + 1)-state. So, in order to meet the maximal set requirements, it suffices
to guarantee that, for any n > 0, almost all numbers in M have the same n-state.
In the construction of M we achieve this by attempting to minimize the n-states of
the numbers in M (which corresponds to the classical strategy of maximizing the
(classically defined) n-states).

For this sake we use the full binary tree T = {0,1}<“ as the priority tree.
Elements of T' are called nodes. As usual, we say for two nodes « and 3 that « has
higher priority than 8 and denote it by o < 8 iff o C 8 (i.e., « is a proper initial
segment of ) or « is to the left of 3, denoted by a <y, S, i.e., there exists v € T
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such that v0 C « and v1 C 8. Nodes are viewed as states in the following sense. A
node o € T of length n codes the guess that there are infinitely many numbers in M
with n-state a. Then, assuming that M is infinite, there is a leftmost path through
T such that, for any node « on this path, there are infinitely many elements of M
which have state a. So it suffices to guarantee that almost all elements of M have
state a.

In order to approximate the true path, for any node o and any stage s, we let

Vas = M, [sn{y:o(lal,y s)=a}
= Ms;[sn{y:Ve<|a|l(yeWes < ale) =0)}

and
Va=Mn{y:o(laly)=al =Mn{y:Ve<|a| (y € We & ale) =0)},
and we use the following length of agreement function

(12) la,s) =|Vas

Based on I(«, s), we define the set of a-stages by induction on || as follows. Every
stage is a A-stage. An a-stage s is called a-expansionary if s = 0 or I(a0,s) >
[(a0,t) holds for all a-stages t < s. Then a stage s is an aO-stage if it is a-
expansionary and an al-stage if it is an a-stage but not a-expansionary. At stage
s, the current approximation Js of the true path is the unique node « of length s
such that s is an a-stage, and we say that « is accessible at stage s + 1 if « is an
initial segment of &, i.e., a C d5. Then the true path TP through T is defined by
TP =liminf, ., ds, i.e., TP [ nis the leftmost node of length n which is accessible
infinitely often (for every n).

Next we explore under which assumptions on M the true path TP actually has
the desired properties, i.e., satisfies that, for any n, TP | n is the leftmost node «
of length n such that V,, is infinite. We start with some observations. Note that

(13) Vao,s = Va,s M Wia)s and Var,s = Vo s N Wo) -
So Vs is the disjoint union of Vg s and Vi1 s,

(14) Vs = Vao,s U Vars,

and

(15) lay,s) =1(a0,s) + 1(al, s).

Note that the analog of holds for V,, too, and that the equation can be
extended to

(16) Vs = Uw:nvaﬁ,s and V, = Ulﬁlznvaﬂ

for any n > 0. Next note that, for any node «, {Vy s}scw is & computable approxi-
mation of V, i.e., for any number y,

(17) Valy) = Slggo Va,S(y)~

Moreover, a number y € V, ; is in V, unless y is enumerated into M after stage s
or the |al-state of y decreases after stage s. So, if we let

Va = U Vo/a

{a/:]a’|=|a| & o’<pa}
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then

(18) A gs (U U v)

scw {a':|la/|=|a| & o’ <pa}

In fact, if we say that o is stronger than « (o/ < «) if &' <p @ or a C o (ie.,
viewed as a state, either o’ is less than « or o/ contains more information than «)
then, by the definition of V,, and (16)), V,,» C V,, for any o’ which is stronger than
«a whence

(19) Vo= |J Va=Mn (U U Va>

{a’:a’<a} sew {a':a’<Ra}
We can now state the two crucial facts on TP used in the proof.

Claim 1 (Infinity Lemma). Assume (10). For any node o = TP, the set S, of
the a-stages is infinite and

(20) lim (o, s) =w.

§—00, SESy

Moreover, if o is to the left of TP then Sy and Vo are finite.

Proof. For a proof of the first part, fix a — TP. The infinity of S, is immediate
by the definition of TP. The proof of is by induction on |a|. We distinguish
the following three cases. First assume that o = A. Then S, = w and Vj, = M. So
holds by the infinity of M. Next assume that o = &0 for some node é&. Then,
by a = TP there are infinitely many &-expansionary stages. So S, is infinite and
holds by definition. Finally assume that o = &1 for some node &. Then, by
&1 © TP, there are only finitely many a0-stages, whence [(&0, s) is bounded. By
the former, S, =* S5 while, by the latter and by , there is a constant ¢ such
that I(c, s) + ¢ > (&, s) for all stages s. So infinity of follows by the inductive
hypothesis.

For a proof of the second part, fix o’ to the left of TP, let « = TP | |&/| and let
& be the longest common initial segment of o’ and . Then &0 C o’ and &l C «
whence & and &1 are on the true path. By the definition of T'P, it follows that Ssg is
finite. Since, by &0 C o, S C Sa0, So 1s finite, too. Finally, in order to show that
V. is finite, for a contradiction assume that V. is infinite. Since V, is the finite
union of the sets V,» where || = |&/| and o” <, o/, for notational convenience,
w.l.o.g. we may assume that V- is infinite. It follows that Vg is infinite since, by
a0 C o, Vo C Vio. By this implies that limg_,,(&0) = w. Since, by & C TP,
Sg is infinite, it follows that there are infinitely many G-expansionary stages, hence
Sao is infinite contradicting the above observation that Sgq is finite. ([l

Claim 2 (Mazimal Set Lemma). Assume that M is c.e. and coinfinite. If, for
any a C TP, M C* V., then M is mazimal.

Proof. Since Va is the finite union of V,, and the sets Vs such that o/ <r «
and |o'| = |a/, it follows by the second part of the Infinity Lemma that M C* V,
for all @« © TP. So, for any n > 0, almost all numbers in M have (n + 1)-state
TP | n+ 1. As pointed out before, this implies that all requirements R,, are met.
Since, by assumption, M is c.e. and coinfinite this implies that M is maximal. [

The Infinity Lemma shows that (assuming M is infinite), for any « on the true
path and for any numbers r and k, there are infinitely many stages at which «
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is accessible and where we can pick k£ numbers greater than r of current state «
which have not yet been enumerated into M. (Note that, for meeting a finitary
requirement we typically need such a set of numbers, where later in the construction
some of these numbers may be put into M and some of the numbers may be kept
out of M.) On the other hand, the Maximal Set Lemma tells us that if we make
sure that infinitely many of the numbers we pick in this way are kept out of M and
that, for any o C TP, up to finitely many exceptions, only those numbers picked for
o or a stronger node o' are kept out of M then M is maximal. These observations
lead to the following strategy ensuring maximality. We pick the numbers which
become associated with a given node « for ensuring any of the additional finitary
tasks in such a way that one of these numbers is never needed for this task (this will
ensure that M infinite). Moreover, if the task assigned to the numbers associated
with a state o can be taken over by the numbers associated with a stronger state
(or, as in the following, associated with a finite collection of stronger states) then
the original attempt becomes superfluous and we may cancel it and enumerate the
corresponding numbers into M.

Having introduced the basic technical notions needed for the maximal set strat-
egy, we now turn to the second goal of the construction, namely, to ensure that the
given computably enumerable e.u.wtt-a.c. set A is ibT-reducible to the maximal
set M that we construct. We first note that this part requires the construction of
a uniformly computable sequence of auxiliary wtt-functionals {4 }aefo,13+, Where
we denote the partial computable use bound of ¥, by t,. By identifying {0,1}*
with w in the standard way, by Lemma (Recursion Theorem), we may assume
that in advance we are given a computable function f : {0,1}* — w such that

(21) Uy = sy

holds for all a € {0,1}*. So, by letting g({a, ), 8) = g({f(a), ), s), k({a, x), 8) =
E((f(a),z),s) and h({a,x)) = h({f(@),x)), we obtain

if U4(n
2 O
(23) k({a,n),s) < k({a,n),s+1)

(24)  k({yn),s) =1 = [{t=s:g9((a,n),t+1) # g((a,n), )} < h((a,n))
(25) U4 is total = Y*°n 3 s (k((a,n),s) = 1)

and we may use these equations in the construction.

Now, coming back to the second goal of the construction, in order to ensure that
A is ibT-reducible to M, we use a variant of straight permitting: if a number x
enters A at a “late” stage s then, in order to indicate that x is in A we enumerate
a number y < z into M at stage s or at a later stage. Note that if we reserve
a number y for such a permitting and = does not enter A then y will not enter
M, too. So, in order to be compatible with the maximal set strategy, we have
to ensure that the states of the permitters y are sufficiently small. In order to
show that there are sufficiently many permitters of small state, we exploit that
A is eventually uniformly wtt-array computable. The basic idea of how to obtain
permitters (for almost all numbers z) of a given m-state « (on or to the right of
TP) is as follows. We attempt to define a strong array {Bg }ne,, of finite sets BS,
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in the following called (a-)blocks. The a-blocks are defined one after the other in
increasing order, and we ensure that the numbers in B, are greater than the
numbers in BY. Moreover, when an a-block becomes defined, say, at stage s + 1
then all of its elements are not in M, and have m-state « or stronger than « at
stage s. (Note that (assuming that M is infinite), by the Infinity Lemma, for o on
or to the right of the true path, we will find such numbers no matter how large we
want to make the blocks. So, for such «, all the a-blocks will become defined.) Now
the idea is that the numbers y in block BY serve as permitters for the numbers x in
the interval I = [max BYy, max B | (note that these intervals cover all numbers
x > max BY). In order to guarantee that the size (i.e., cardinality) of BY is large
enough to provide the required numbers of permitters, we appropriately define the
corresponding auxiliary wtt-functional ¥,. We let ¢ (n) = max Byy,; (if the latter
block becomes defined) be the use of WX (n). Moreover, if ¥, (n) is defined then
we ensure that U7 (n) is defined, too, where — exploiting that, by [22), g({(a,n), s)
approximates the domain of /! — we make sure that any enumeration of a number
x € I% in A is followed by a change of g({a,n), s+ 1) # g({«, n), s) at a later stage
s. Now, since W4 is total, it follows by that (for almost all n) there is a least
stage s, such that k((a,n),s,) = 1, and, by , As.g({a,n), s) will change after
stage s, at most h({(o,n)) times. So if we say that a number x € IS enters A
“late” if it does so after stage s, then h({«,n)) permitters suffice for dealing with
all numbers in I¢. So it suffices to let B have size h({c,n)).

The above explains how, for a single o on or to the right of the true path, we can
ensure that A <;7 M and at the same time only numbers of state o or a stronger
state are left in M (namely, it suffices to enumerate all numbers which are not in
any a-block into M). Moreover, by adding one more element to each a-block we
can guarantee that no a-block becomes completely enumerated into M whence M
will be infinite.

For the actual construction, however, we have to ensure that, for any « on the
true path, almost all numbers left in M have state « or stronger state. We achieve
this by (1) carrying out the above strategy for all @ and by (2) suspending the
permitting numbers in block B2 (in the actual construction we say that the block
B& becomes frozen) and enumerating them into M once we see that, for any number
x € I, there is a node o/ < a and a number n’ such that z is in the interval 1%
covered by the a’-block Bf:,/ and z is considered to be “late” relative to this block,
too (i.e., k({c/,n'),s) = 1 if this happens at stage s+ 1). As we will show, this will
provide the required improvements of states.

There is one technical problem left, however. We cannot achieve that, for a # o/,
the a-blocks and a’-blocks are disjoint. So when determining the sizes of the blocks
we have to consider possible overlaps. By allowing the o/-strategy to use a number
in the intersection of the blocks BY and Br‘f,/ only if o/ is stronger than «, we have
to ensure that any block B contains a core B of size h({, n)) 4+ 1 which does not
intersect any o’-block for all stronger o’. The sole purpose of the priority tree is to
resolve this problem. The interval BS will be defined by one of the nodes 8 which
extends « and has length (Ja|,n). As long as BY is not yet defined there will be
(at most) one such § “eligible” to define BY. The stage when this node becomes
eligible gives a lower bound on min By; and, by initializing a node, its eligibility
can be (temporarily) deleted. This will suffice to avoid overlaps between a-blocks
and a’-blocks for comparable o and o’ and will give an eligible node 3 a bound on
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the sizes of the potential overlaps in terms of the higher priority nodes currently
admissible.

Having explained the ideas of the construction and some of its technical features,
we now turn to the construction. Any stage s + 1 consists of 5 steps (Stage 0 is
vacuous).

In Step 1 the blocks are defined. We let the nodes 8 with o C 5 and | 5| = (o], n)
define the block BY. We call such a node § a BY-node and call BY the block
associated with 3. Moreover, we call two nodes equivalent if they are associated
with the same block. If BY is defined by (activity of) the node 8 then we say that
B& has priority B. As long as BY is not yet defined, there will be at most one
B&-node § which is eligible. This node attempts to define BY. Once B is defined,
no BY-node will be eligible. A node 8 can become eligible only at a stage s + 1
such that 8 C §, or 6; <p 8. Once [ is eligible, 3 stays eligible unless 8 becomes
initialized. The only effect of initialization of a node is to make it non-eligible. If
initialized, a node may become eligible at a later stage again. We write B2[s] |
if BY is defined by the end of Step 1 of stage s, and we write BY[s] 1 otherwise.
Moreover, BY | (BS 1) denotes that B is eventually defined (never defined). For
any « and n such that B is defined, we let

BY={yeB®:Ad <a A (B | &ye B}
be the core of BS. Similarly, for s such that BZ[s] |, we let
Bs]={y € B : A/ < a Bn’ (BY[s] | &ye B}

be the core of BY at stage s.

In Steps 2 and 3, the partial use functions 1, and the wtt-functionals ¥, are
defined. We write 1, (n)[s] | if ©o(n) has been defined by the end of Step 2 of
stage s and write ¥, (n)[s] T otherwise, and we write U4 (n)[s] | if ¥4+ (n) has been
defined by the end of Step 3 of stage s and W7 (n)[s] 1 otherwise. We say that the
a-block BY is realized at stage s if ¥, (n)[s] | and we say that BY is truly realized
at stage s if BY is realized at stage s and k({a,n),s) = 1; and BY is realized (truly
realized) if it is realized (truly realized) at some stage. Finally, we say that x is
(truly) covered by B (at stage s) — or (truly) (o, n)-covered (at stage s) for short
—if (o, n) is (truly) realized (at stage s) and x € [max B%,14(n)]; and we say that
x is a-covered (at stage s) if x is («, n)-covered (at stage s) for some n.

In Step 4 blocks become frozen. We say that a block BY is admissible at stage
s, if it is truly realized at stage s and has not been frozen by the end of Step 4 of
stage s.

In Step 5 numbers are enumerated into M, i.e., M,41 becomes defined.

Now, using the notation introduced above, the steps of stage s+ 1 are as follows.

Step 1 (Defining the blocks BY). A B%-node 8 requires attention at stage
s+ 1 if one of the following holds.
(a) () Bals]t
(if) BT ds or 05 < B and |8] < s.
(iii) Neither 8 nor any equivalent node 3’ such that 8’ < S is eligible
at stage s.
(iv) For any node 8’ such that 8’ C 3, the block associated with /5’
is defined at stage s.
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(v) For any node ' such that 8 < £, |f’| = |B| and B’ is not
equivalent to 3, the block associated with 8’ is defined at stage
s.

(b) B is eligible at stage s, and there is a block B which is suitable for the
definition of BY by (3 at stage s+ 1. Here a block B is suitable for the
definition of By by the BY-node 3 at stage s+ 1 if B has the following
properties.

(i) r(8,s) < min B,
(11) B c U{a’:|a’\:|a\ and o’<pa} Va’,s;
(iii) The block B has cardinality |B| = F(3, s) where F(v,s) is de-
fined (by induction on ) by

F(y,5) =2+ H(y)+ > F(y,s)

{v":v'<rv and v’ is eligible at stage s}

where, for a B% -node v, H(v) = h({a/,n’)) (and where o=
0). (Note that, at any given stage s, there are only finitely many
eligible nodes, hence F'(v, s) is well-defined.)

Fix 8 minimal such that 8 requires attention.

If (a) holds then declare that 8 becomes eligible, set r(f’,s+ 1) = s for
all 5/ > f, and initialize all nodes 8’ with 5 < ' (i.e., no such g’ is eligible
at stage s+ 1).

If (b) holds then let BY = B for the least (w.r.t. the canonical index)
block B which is suitable for the definition BS by ( at stage s + 1, let
be the priority of BY, set r(8’,s+ 1) = s for all 8/ > 3, and initialize all

nodes 3’ such that 8 < /.
If no node requires attention then Step 1 of stage s + 1 is vacuous.

Step 2 (Defining the partial computable use functions v, ). For any a and
any n such that either n = 0 or ¢o(n — 1)[s] |, ¥*(n)[s] T and B, [s] |,
let Yo (n) = max By, ;.

Step 8 (Defining the wtt-functionals ¥, ). For any o and any n such that
Ya(n)[s] | let

(26) W (n)[s + 1] L if W3 (n)[s] 1 and g({a,n), s) =0,

and let
(27)
\I'g}(n)[s + 1] 1if \Ilﬁ(n)[s} 3 g({ayny,s) =1 and Asiq [ Ya(n) # As | Ya(n).

In any other case let U2 (n)[s + 1] | if and only if W2 (n)[s] J.

Step 4 (Freezing blocks). A block BY is freezable at stage s + 1 if the
following hold.

(i) (jaln) < s.

(ii) BY is not frozen at stage s.
(iii) For any x covered by By, there is a block By* such that a, < a, By*

is admissible at stage s, and By* covers .

If there is a freezable block then choose ¢ = (m,n) minimal such that there
is a freezable block B2 with |a] = m and fix the rightmost a such that
|a] = m and B is freezable. Declare that BS becomes frozen at stage
s+ 1.
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Step 5 (Enumerating M ). A number y & M, is enumerated into M at stage
s+ 1if (at least) one of the following hold.
(i) (Freezing) There is a block BS which becomes frozen in Step 4 of stage
541 and y is in the core Bf{[s + 1] of BY at stage s + 1.
(ii) (Enumerating nonblock numbers) y is not in any block defined at stage
s+ 1 and y is less than the maximum of a block defined at stage s+ 1.
(iii) (Coding A into M) There is a node o and a number n such that the
block By is admissible at stage s and

(28) UA()[s] 4 and WAM)[s +1] 1

or

(29) g({a,n),s) =1 and g({a,n),s+1) =0,

holds, and y is the least element of the core Bf{ [s + 1] of BS at stage
s+ 1 which is not in M. In this case, call y an (a, n)-coding number.

This completes the construction. In the remainder of the proof we show that M

has the required properties.

We first summarize the properties of the blocks we will need.

Claim 3. The definition of the blocks satisfies the following conditions.

(Bo) If BY becomes defined at stage s + 1 (i.e., BS[s + 1] | and B%[s] 1) then
By N M =10.

(By) If BY is defined then

BynMc U Var.
{a’:]a’|=|a| and o’ <pa}
(Bz2) If BY is defined then (Jal,n) < min BY.
(Bs) If By, is defined then By, is defined and max B;y < min By, .
(By) If BY is defined then, for the core

By =B\ U it
{(a’,n): @' <a, n’ >0 and B;’L‘,l 1}
of By, |Bj| > h((a,m)) + 1.
(Bs) If B is defined and oo < o and |o/| < || then B is defined, too.
(Bs) Assume that M is infinite. Then, for any o on or to the right of the true
path, the blocks BY are defined for all n.
(B;) There is an infinite path p through T = {0,1}* such that, for any «, all
blocks B (n > 0) are defined if and only if o is on or to the right of p.

Proof. With the exception of property (B7) the proof only depends on the

definition of the blocks and not on the other parts of the construction. In case of
(B7) we use that at any stage s + 1 any number y which is enumerated into M at
stage s + 1 is bounded by the maximum of some block existing at this stage.

We tacitly use that the restraint function is nondecreasing in both arguments,

ie, r(B,s) <r(p,s) for p < B’ and s < ¢, and that for any pair (o,n) and any
stage s there is at most one eligible By-node at stage s and there is no such node
if B2[s] J.

(Bp). This is immediate by clause (ii) in the definition of suitability since, for

any node « and any stage s, V, s C M.
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(B1). This is immediate by clause (ii) in the definition of suitability since, for
any node a and any stage s,

MnN U Vs C U V.

{a’:|a’|=|a| and a’<pa} {a’:|a’|=]a| and o’<pa}

(Bg). If S is the priority of the block BS and BS becomes defined at stage s+ 1
then (8, s) < min BY by clause (i) in the definition of suitability. Moreover, there
is a stage s’ + 1 < s such that § receives attention via (a) and becomes eligible at
stage s’ + 1. By clause (ii) in (a), this implies that || < s’ =r(8,s'+1) < r(8, s).
Finally, since 3 is a B%-node, || = {|af, n).

(B3). Assume that Bjy,; becomes defined by 3 at stage s + 1. Then, for the
greatest stage t < s 4 1 such that § is not eligible at stage ¢, t + 1 < s and
receives attention via clause (a) at stage t + 1. So, since there is B¥-node 8’ such
that 8’ C B, B2[t 4+ 1] | whence max B < t. Moreover, (3,t + 1) = t hence, by
t+1<s,r(B,s) >t By the latter and by clause (i) in the definition of suitability
of a block B, it follows that ¢ < min By}, ;, which completes the proof of (B3).

(By). Assume that B? is defined. Fix the node § and the stage s + 1 such that
B¢ has priority 5 and BY becomes defined by activity of 5 at stage s + 1. Then,
given any state o’ and any number n’ such that

(30) o < a, B% is defined and B% N B # 0,

it suffices to show that, for the priority 8’ of Bg/l7

(31) B < B,

(32) B’ is eligible at stage s,

and

(33) By | = F(8',5)

hold. Namely, since different blocks have different priorities, it follows that

|Bg‘ = |Bg \ U{(a’,n’): o' <a,n >0and B;:,/ 1} Bg/

= |Bg| o Z{(a’,n’): a < a,n >0, B::,I ] and B;’:,/ N By #0} |Bgl
> F(/B’ S) - Z{B’:B’<Lﬂ and B’ is eligible at stage s} F(ﬁl’ S)

(by the definition of BS and by implying - )

H(f)+2
(by the definition of F(8,s))

v

= h({a,n)) +2
(by the definition of H(f))
So, assuming that implies - , (B4) holds.

Hence, for the remainder of the proof of (By), fix @’ and n’ such that holds,
and let 8’ be the priority of B;‘L‘/’ We have to show that - hold. Fix t < s
maximal such that 8 is not eligible at stage ¢ and fix # +1 < ¢ 4+ 1 such that
Bfl‘,, becomes defined via 3’ at stage s’ + 1 and ¢’ is maximal such that ¢’ < s’ and
B3’ is not eligible at stage t’. Note that 8 becomes eligible at stage ¢t + 1, § is not
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initialized (hence eligible) at any stage u such that t +1 < u < s+ 1, and BY is
defined by 3 at stage s + 1. Hence

(34) t=r(8,t+1)=7r(8,s) < min BY < max B < s.

Similarly, 8’ becomes eligible at stage ¢’ + 1, 3’ is not initialized (hence eligible) at
any stage u’ such that t' +1 < ' < &' +1, and B, is defined by § at stage s’ + 1.
Hence

(35) t'=r(B,t' +1)=r(8,s) < min B < maxB% <5

Moreover, any node v with 5 < « is initialized at stages t + 1 and s + 1, and any
node +" with 8’ < ' is initialized at stages t' + 1 and s’ + 1. Finally note that, by
(a,n) # (a/,n'), B # ' and the stages ¢, s,t’, s’ are pairwise distinct.

Now, the proof of - (33)) is in two steps: before we prove , we show
that implies and (33). So assume (31). Now, if s’ + 1 < s+ 1 then (by
(31)) B is initialized at stage s’ + 1 hence s’ +1 < t + 1. So, by and ,
max Bf{,/ < min BY contradicting . Similarly, if s +1 < ¢’ + 1, then by and
(35), max BY < min Bff,,, again contradicting (30). So t' +1 < s+ 1 < s’ + 1 must
hold. Now is immediate by the choice of t’. Moreover, again by the choice of
t', no node v < ' is initialized at any stage v’ € [t' + 1,5’ 4+ 1), whence no node
~" < B’ becomes active at any such stage. So a node 7/ < 3’ is eligible at stage
s if and only if it is eligible at stage s’. By the definition of F', this implies that
F(p',s) = F(8',s). Equation follows since |B% | = F(5',s').

n

It remains to establish (31]). By assumption o’ < @, hence o/ < aora C . In
the former case, is immediate since o/ C 8’ and o C 3. So, for the remainder
of the argument assume that o C o’ and, for a contradiction, assume that fails,
ie.that 3’ C Bor B S or B <p B. If 3/ [ then, by construction, Bf{; has to be
defined before § can become eligible, i.e., s’ +1 < t + 1 whence max Bﬁ‘,/ < min By
contrary to (30). Similarly, if 8 C 8’ then s +1 < ¢ 4+ 1 hence max BS < min Bg‘,,
contrary to

This leaves the case that 8 <, 8. If s’ +1 <t+1or s+ 1 < s’ +1 then, as
above, we may conclude from and that fails (note that in the latter
case, s+1 <t +1by < ). Sowlog t+1<s +1<s+1. Butsince a C o
and since 8 < 3, Vo oo C Vo, F(B,¢') < F(B',s") and r(B,s") < r(p',s"). So
since the block Bz‘,/ is suitable for 8’ at stage s’ + 1, Bf;,' or a subblock B of it will
be suitable for 3 at stage s’ + 1, too. So, since 3 is eligible at stage s’ + 1, 8 will
require attention at stage s’ + 1. Since 8 < (', this contradicts the fact that 8’
receives attention. This completes the proof of and the proof of (By).

(Bs). Fix a, o and n such that BY | and either o/ C aor @ <z, ¢ and |a| = |«
It suffices to show B |. (Then the claim follows by induction on |a|.) Let 3 be
the priority of BY and fix the least stage s + 1 at which 8 becomes eligible hence
requires attention via clause (a). Then the subclauses (iv) and (v) of (a) guarantee
that, for any node 5’ such that either ' = § or 8 <, 7, |8] = |#’| and 8 and f’
are not equivalent, the block associated with 3’ is defined at stage s. But if o/ C «
then B2 is associated with the proper initial segment 8/ = 8 | (|o/[,n) of B and
if @ <z, o and |a| = |o/| then B?" is associated with the node 8’ = o/1/81=el and
B<r B, |8 =8 and B and ' are not equivalent. So in either case B |.

g
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(Bg). The proof is indirect. Assume that M is infinite and that there is a node
a and a number n such that TP [ |a| <;, a and BY is not defined. Fix ¢ = (m,n)
minimal such that there is a node « of length m such that TP [ m <, « and
B¢ is not defined and fix the rightmost corresponding «. Moreover, let 8 be the
rightmost BY-node. (Note that § = a19~™. In particular, o C S, |8| = ¢ and, by
TP | |a] <1, «a and by the definition of 3, TP | ¢ <, 3.)

We claim that there is a stage s* such that no node 8’ with 8’ < 8 which is not
equivalent to 8 requires attention after stage s*. This is shown as follows. Note
that any node 8’ with 8’ < 8 which is not equivalent to 3 is element of one of the
following sets.

No = {B:|B|<IBl&B <L TP |8}

Ny = {B:|B<|Bl &TP||p| <L B}

Ny = {B:|8]|=18l&TP |8 <L p <i B& B is not a B¥-node}
Ny = {88l <|B|&B < B}

So it suffices to show that for i < 4 there is a stage s; such that no node in N;
requires attention after stage s;.

i = 0. Fix tp minimal such that TP | ¢ < s for all stages s > t3. Then no
B € Ny can become eligible after stage tg. So whenever a node 8’ € Ny requires
attention at a stage s +1 > tg, either the block associated with 8’ becomes defined
(namely, if 8’ acts at stage s + 1) or ' becomes initialized (namely, if a higher
priority node 8”7 < S’ acts at stage s + 1). In either case 8’ will not require
attention after stage s+ 1. Since NNy is finite, this gives the existence of the desired
stage sg.

i = 1. Note that by the minimality of ¢, any node 8’ € N; is associated with a
block which eventually becomes defined. Since Nj is finite, this gives the existence
of the desired stage s1.

i = 2. Note that, for any 8’ € Na, 8’ <p S, || = |8| and B’ and § are not
equivalent. Since the block B associated with § is never defined, it follows, by
clause (v) in the definition of requiring attention via (a), that no node in Ny will
ever require attention via (a). So sz = 0 will do.

i = 3. If 8’ € N3 then, for the proper initial segment 3” = 8’ | | 3] of 8’ of length
||, either " € Ny or 8" is a B%-node. In either case the block associated with 3”
is never defined. So, by clause (iv) in the definition of requiring attention via (a),
B’ does not require attention via (a), hence does not require attention. So s3 = 0
will do.

Having established the existence of s*, we next claim that there is a stage t* > s*
and a By node /3’ such that B is eligible at all stages s > t*. Since, by the choice of
s*, a B&-node 8’ can be initialized at a stage s+1 > s* only if a B¥-node 5" to the
left of it becomes active at stage s+ 1, and since by B 1 this implies that 8" acts
via clause (a) hence becomes eligible at stage s + 1, it suffices to show that some
B%-node g’ will be eligible at some stage s + 1 > s*. For a contradiction assume
that such 8’ and s + 1 do not exist. By the minimality of ¢ and maximality of «,
we may fix a stage s** > s* such that for any ¢’ = (m/,n’) < n the block Bg,rm,
is defined at stage s** and, for any o with |o/| = |a| and o <z, o, the block B
is defined at stage s**, too. Then, for the rightmost Bg-node 5 and any s > s**,
the subclauses (i) (by BS 1), (iii) (by assumption) and (iv) and (v) (by the choice
of **) in the definition of requiring attention (a) hold at stage s. So if we let s be
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the least stage > s** such that TP | ¢ C J5 then 8 requires attention via (a), at
stage s + 1 hence becomes eligible (since by assumption and by the choice of s* no
higher priority node requires attention). Contradiction.

So, for the remainder of the argument we may fix the B -node B which is per-
manently eligible after stage t*. In order to get the final contradiction, we show
that, eventually, there is a stage s +1 > ¢* such that B requires attention via (b)
at stage s + 1. Since no higher priority node requires attention after stage t*, it
follows that the block B becomes defined at stage s 4+ 1 contrary to choice of «
and n. Now, by the choice of t*, for any node 8 < 8, eligibility of A’ does not
change after stage t*. So 7(3,s) = r(8,t*) and F(3,s) = F(j,t*).

So in order to show that 3 eventually requires attention via (b), it suffices to
show that there is a stage s > t* such that

| U Vars| > r(3,t%) + F(B,t").

{a’:]a’|=|a| and o’<pa}

But, since TP | m <, «, this follows from the fact, that, by the assumption that
M is infinite and by the True Path Lemma, Vrp)y, is infinite.

This completes the proof of (Bg).

(B7). First note that infinitely many blocks become defined. (Namely, otherwise,
it follows that M is finite since any number y which is enumerated into M at stage
s+ 1 is less than or equal to the maximum of a block BY defined at stage s. So,
by (Bg), infinitely many blocks will be defined contrary to assumption.) Now, call
a node 3 a block node if for all 8/ C B3 the block associated with (' is defined,
and let B be the set of all block nodes. Note that any initial segment of a block
node is a block node again, and any priority of a block which becomes defined is a
block node. Moreover, for (o, n) # (o/,n’'), the blocks BY and BY (if defined) have
different priorities. Since infinitely many blocks become defined, we may conclude
that the set B of block nodes is an infinite subtree of the priority tree T = {0, 1}*.

Now, by Koénig’s Lemma, let p be the leftmost infinite path through B. To show
that p has the required properties, first fix o on p and n > 0. Then S =p | (Jo|,n)
is a block node and B is associated with 5. So BY is defined. By (B4) we may
conclude that, for « to the right of the path p, the blocks B (n > 0) are defined,
too. Finally, fix o to the left of p and, for a contradiction, assume that BY is defined
for all n > 0. Then, the set of priorities 3,, of the blocks B, n > 0, is an infinite
subset of nodes in B all extending the node a. By a <p, p and by Ko6nig’s Lemma
this contradicts the fact that p is the leftmost infinite path through B.

This completes the proof of (B7) and the proof of Claim 3. O

Next we summarize relevant properties of the use functions v, and the witt-
functionals ¥,,.

Claim 4. The partial functions V., o € {0,1}*, are uniformly computable.
Moreover, for any «, the domain of 1, (at stage s) is an initial segment of w,
and Y, is strictly increasing on its domain. Finally, 1, is total if and only if the
blocks BY are defined for all n > 0.

Proof. Uniform computability follows by the effectivity of (part 1 of) the con-
struction. The second part of the claim is immediate by definition and by (Bs).
The third part is immediate by definition. [
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Claim 5. The functionals ¥, are uniformly computable and, for any X, « and
n such that VX (n) is defined, 1o (n) is defined and the use of WX (n) is bounded by
Yo(n). Moreover, for any a and n such that 14 (n) is defined, W2 (n) is defined,
too.

Proof. The proof of the first part is straightforward. For a proof of the second
part, for a contradiction assume v,(n) J and W2 (n) |. Since ¥ is a wtt-functional,
it follows that W2 (n)[s] 1t for almost all s. Moreover, by (22)), g({er,n), s) = 0 for
almost all s. So there is a least stage so such that 1, (n)[so] J and ¥2(n) 1 and
g({a,n),s) = 0 for all stages s > sg. By clause in the definition of ¥, this
implies U2 (n)[so + 1] J. Contradiction. O

Note that the first part of Claim 5 justifies that in advance we have fixed a
computable function f satisfying .
Claim 6. Assume that 1., is total. Then the following hold.
(i) WA s total.
(ii) There is a number n, such that, for any n > n,, there is a stage s such
that k((a,n),s) =1.

Proof. Part 1s immediate by the second part of Claim 5. Part (ii) follows
from part (i by and . ([l

For the remaining claims we need some more notation. Let p be the unique path
through T defined in (B7). Then, for any node « such that o C p or p <j, «, all
blocks BY are defined. So, by Claims 4 and 6, ¢, and \IJ(‘;1 are total and we may
fix n, such that limg_, o k({a,n),s) = 1 for all n > n,. It follows that, for n > n,,
the block B; will eventually become truly realized. So, if we let x, = max By ,
then all numbers x > x,, are eventually truly a-covered. Hence, for such x we may
fix ng and s& such that ng is the unique n such that x becomes covered by By and

@ is the least stage s such that z is truly covered by B. at stage s.

Claim 7. Let o C p and let x > x,. There is a node o/ = «, a number n > 0
and a stage t such that the block BS covers x and is admissible at all stages s >t
(hence is never frozen).

Proof. Note that, by (Bs), there are only finitely many blocks which may cover
x. So there is a stage to such that any block which covers z and becomes frozen
is frozen by stage tg. So it suffices to show that, for almost all stages s, there is a
block B2 such that o/ < a, B® covers z and B is admissible at stage s. This is
established by proving the following two facts. (a) There is a stage s such that z is
covered by a block ij/ where o < «a and Bf{l is admissible at stage s. (b) If z is
covered by a block BO‘/ which is admissible at stage s then, at any stage s’ > s, x
is covered by a block Ba, such that o’ < o' and Bn,l is admissible at stage s'.

For a proof of (a) recall that z will be truly a-covered eventually. So there is a
stage s and a number n such that the block BY truly covers x at stage s. If BY is
not frozen at stage s then BY is admissible at stage s and we are done. Otherwise,
there is a stage § < s such that By becomes frozen at stage 5. But, by construction,
this implies that there is a block B, such that o/ < a, B% covers z and B, is
admissible at stage §. So (a) holds in this case, too.

For a proof of (b), it suffices to consider the case of s’ = s+ 1. (Then the general
case follows by induction.) So assume that Bg, covers x and is admissible at stage
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s. If Bf;l does not become frozen at stage s + 1 then we are done. Otherwise, it
follows by construction that there is a block B% such that o’ < o/, B2, covers z
and BT(’L‘,N is admissible at stage s+ 1. This completes the proof of (b) and the proof
of the claim. O

Claim 8. Assume that By becomes defined and is never frozen. Then, for the
core BS of B, BE N M # (). Similarly, if B is defined but not frozen at stage s
then B&[s + 1] N Mg # 0.

Proof. We prove the first part of the claim. The second part is obtained by

straightforward modifications of the proof.
We first show that a number y € BY can be enumerated into M only if it is

an (a,n)-coding number. For a contradiction assume that y € B2 is enumerated
into M at stage s + 1 and y is not an (o, n)-coding number. Then y cannot be
enumerated into M as a nonblock number according to clause (ii). (Namely, if
so, B%[s + 1] 1. Hence B2 becomes defined at a stage t +1 > s+ 1. But, by
(Bp) this implies that BY N Mgy = 0 hence y ¢ BY. The claim follows since
B2 C B2.) Since B? is never frozen, this leaves the case that y € B [s + 1] for
some (o, n') # (a,n) and y is enumerated into M since B becomes frozen at
stage s+ 1 or y is an (o, n’)-coding number. Since, by (By), y can’t be in a block
which is not yet defined at stage s+ 1, it follows by y € Bﬁ,/ [s+1] and by definition
of the core B that y € B So it suffices to show that B% N B = (). Since the
core of a block is contained in the block this is done as follows. If @’ = « the claim
is immediate. So, by symmetry, w.l.o.g. o’ < «. But then, by the definition of be‘,
BY N BY = 0.

Now, by the above and by construction, a number y € Bg is enumerated into
M at stage s + 1 only if BY is admissible at stage s (hence k({a,n),s) = 1) and
or holds. Moreover, at any such stage s + 1 at most one number y € Bg
is enumerated into M. So, by (Bg) and (By), it suffices to show that

(36) {s > s0: or holds}| < h({a,n)) + 2
where s is minimal such that k({a,n), sg) = 1.

Since between any two stages s < s’ for which holds there must be a stage
t such that g({a,n),t) =0 and g({o,n),t +1) =1,
(37)

2-{s>sp: holds}| < [{s>s0:g9({a,n),s+1)# g({a,n),s)} +1

< h({a,n))+1

where the second inequality holds by . Moreover, since ¥4 (n) | by Claim 5,
any stage s at which holds has to be followed by a stage t > s such that
UA(n)[t] 1+ and WA (n)[t + 1] |, where t < s’ for the least stage s’ > s such that
holds (if there is such a stage s’). Since, by construction, g({a,n),t) = 0 and
g({a,my, s") =1 for any such stage t, it follows that

{s > s0: holds}| < |[{s > s : holds}|
holds. So, by , holds. O
Claim 9. A SibT M.

Proof. Tt suffices to give an effective procedure which computes A(x) from M |
x + 1 for all sufficiently large x.
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Let x > x and let s be the least stage such that there is a node o and a number

n such that
(I) B2 covers z at stage s,

(IT) BZ is admissible at stage s,

(IT1) w4 (n)[s] | and g({a,n),s) = 1, and

IV)y Mlaz+1=M;2z+1.

Note that such a stage s exists. (Namely, by Claim 7, there is a block B2 which
covers = and which is admissible at all sufficiently large stages. So (I) and (II) hold
for all sufficiently large s. Moreover, since W#(n) | (by the second part of Claim
5), it follows that (III) holds for all sufficiently large s, too (by ) Finally,
(IV) obviously holds for all sufficiently large s.) Moreover, for any stage s, we
can effectively check whether, among the finitely many blocks defined at stage s,
there is a block B2 satisfying (I) - (III). So we can find the above stage s by using
M | x + 1 as an oracle.

We claim that A(z) = As(z). For a proof, first note that B does not become
frozen after stage s hence is admissible at all later stages. (To wit, if B becomes
frozen at stage s’ +1 > s then B2[s] is completely enumerated into M at stage
s' + 1 whence, by the second part of Claim 8, there is a number y € B[s' + 1]
such that y € My \ My. Since B2[s' + 1] is contained in B® and max B < x
it follows that y < a hence M [ = +1 # M, | z + 1 contrary to (IV).) Now, for a
contradiction, assume that A(x) # As(x). Fix s’ > s minimal such that a number
2’ < x is enumerated into A at stage s’ + 1. Then, assuming that ¥ (n)[s'] | and
g({a,n),s") =1, ¥A(n)[s' + 1] T by construction. So, in any case, there is a least
stage s’ such that s < s” < s’ and such that or holds for s” (in place of s).
It follows, by construction and by Claim 8, that there is a number y € Bg‘ [s" + 1]
which is newly enumerated into M at stage s’ + 1. But, as observed before, this
contradicts (IV). O

Claim 10. M is infinite.

Proof. By (B2) and by Claim 7 there are infinitely many blocks which are never
frozen. So the claim follows by Claim 8. ]

Claim 11. For any node o C p there are only finitely many blocks B,‘f/ such that
a<a,n>0 and Bf;/ is never frozen.

Proof. Fix a C p. By (B2) it suffices to show that any block Bf{l such that
a < o and z, < max B,‘f/ becomes frozen eventually. So fix such a block Bf{,
and, for a contradiction, assume that Bﬁ/ is never frozen. Note that, by a C p
and a < o/, o/ is on p or to the right of p whence B,‘f/ becomes defined, say, at
stage s + 1. By Claim 7 we may fix a stage ¢ > s + 1 such that, for any of the
finitely many numbers x covered by Bf{/ there is a block Bp® such that a, = «
(hence a, < '), By covers x and Bj* is admissible at all stages ¢’ > t. So B is
freezable at all stages ' > t. Since there are only finitely many blocks B such that
(Ja],7) < (|a'|,n) or (|a|,7) = (|/],n) and o/ <y @, it follows that B becomes
frozen eventually. Contradiction. (]

Claim 12. The true path TP coincides with the path p.

Proof. Claim 10 and (Bg) immediately imply that p <; TP. For a proof of the
converse, i.e., TP <, p, it suffices to show that, for any given node o/ <y TP, only
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finitely many «’-blocks become defined. Now, by Claim 10 and by the second part
of the Infinity Lemma (Claim 1), there are only finitely many stages s such that
ds <p o or o C d,. So only finitely many o/-nodes can become eligible, hence only
finitely many a’-blocks can be defined. O

Claim 13. For any o on TP, M C* Va.

Proof. Fix o = TP. Since (by (B;) and (19)) M N BY C V, for any block B
such o/ < «, it suffices to show

(38) Mc U By
{(a’,n): &’ <a,n>0 and B2'|}

For a proof of , first recall that (by Claim 12) the true path TP coincides with
the path p. So, by Claim 11, we may let B be the finite union of the blocks Bg,
such that o < o/, n > 0 and Bf{l is never frozen. Now, call a number y a block
number if y is element of some block, and call a block number y an o'-number if
o' is <-minimal such that y is in an o’-block. (Note that any number is element of
at most finitely many blocks. So o is well-defined.) Then it suffices to show that
any number y € M which is not an o/-number for some o/ < «a is an element of
B. So fix such y. We first observe that y is a block number. Namely, since there
are infinitely many blocks, it follows by (Bz) that there is a stage s such that y is
less than the maximum of a block defined at stage s. So if y is not a block number
then y is enumerated into M at stage s + 1 for the least such s contrary to choice
of y. So we may fix o/ and the corresponding unique n such that y is an o/-number
and y € BSL‘/. It suffices to show that Bf{l is contained in B. For a contradiction,
assume that this is not the case. Since, by the choice of y, a < o/, this implies
that there is a stage s + 1 at which Bﬁl becomes frozen. So B’fj [s + 1] C Mgy
by construction. But since y is an o/-number, y is in the core Bg' of Bf{l. Since,
obviously, B C B%'[s + 1], it follows that y € M contrary to assumption.

This completes the proof of Claim 13. [

Claim 14. M is maximal.

Proof. By the effectivity of the construction and by Claims 10 and 13, the
hypotheses of the Maximal Set Lemma (Claim 2) are satisfied. O

By Claims 9 and 14, M has the required properties. This completes the proof
the Theorem [£.3 O

In order to complete the proof of the Characterization Theorem it remains to
prove Theorem[4:4] For this sake, we use the following characterization of the dense
simple sets given in Robinson [Rob67]: a c.e. set D is dense simple if and only if D
is coinfinite and, for every strong array {F,},c. of pairwise disjoint sets, there is
a number m such that

(39) Vn>m(|F,ND|<n).

Proof of Theorem @ Fix c.e. sets A and D such that A <, D and D is dense
simple. It suffices to define computable functions g, h and k witnessing that A is
eventually uniformly wtt-array computable.

Fix a wtt-functional I' such that A = I'” and fix a computable function ~
such that the use of I'P is bounded by v where w.l.o.g. « is strictly increasing.
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Moreover, fix computable enumerations {A;}scw, {Ds}scw and {Ts}sew of A, D
and T', respectively, such that the length of agreement function

I(s) = max{y : As [y =T [ y}

is strictly increasing in s. (Such enumerations can be obtained by speeding up any
given computable enumerations of A, D and I'.) Note that this ensures

(40) (x <lU(s) & Asya1(z) # As(x)) = Dsga [v(z) # Ds | ()
for all numbers = and stages s.

Now the computable functions g,k : w? — {0,1} and h : w — w are defined as
follows. Define g by letting

if dAs
9(<€,y>,s) = {1 fq)e7s(y) \L7

0 otherwise,
and let h be the order defined by
h(z) = (z +1)%

Finally, for the definition of k, define the auxiliary uniformly partial computable
functions @ by @e(y) = im0 Pe,s(y) where

. Jy+max{@.(y) v <y} VY <y (@es(y) ),
Pe,s(y) = .
T otherwise.

Note that @, is defined on an initial segment of w, @, is strictly increasing on its
domain, @, majorizes ¢, on its domain, and ¢, is total if ¢, is total. So, for total
<I>P , Qe is total, strictly increasing and bounds the use of <I>A Now, the 0-1-valued
function k is defined by letting k({e,y),s) = 1 iff

(fe,) +1)°

(41) Ges(y) L &U(s) > @e(y) & |Ds [ 7(Pe,s(y))] < 5

Obviously, the functions g, h and k are computable, and h is an order. Moreover,
g is the canonical approximation of AT whence @ holds. So it only remains to show
that the functions ¢, h and k satisfy conditions - ([9) in Definition too.

For a proof of (|7)) it suffices to note that k is 0-1-valued and that the three clauses
in equation that characterize the stages s such that k({e,y),s) = 1 persist if
we replace s by a stage t > s. (For the second clause, recall that the length function
I(s) is nondecreasing in s.)

For a proof of (8) fix z = (e,y) and s such that k(x, s) = 1. By the definition of
g and h, it suffices to show that

2
(12) (0250 000) L & b2 1) < (LT
(Namely, (42)) guarantees that g(x,t) switches from 1 to 0 less than (z + 1)% - 271
times after stage s. So, since g is 0-1-valued, g may change on z after stage s at
most 2((x 4+ 1)?-271) (= h(z)) times.)

So fix t as in (42). Then Ayy1 | Pe(y) # A¢ | Pe(y). Note that, by k(z,s) = 1,
holds. So, by @e(y) < @e(y) (if defined), by and by the first two clauses
in ([41), there is a number < (@ s(y)) that is enumerated into D at stage t + 1.
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But, by the third clause in 7 the latter can happen for at most W -1
stages t > s. So holds.

Finally, for a proof of @D, fix e such that @f is total. Then ¢, is total, com-
putable and strictly increasing (and so is 7). So we can define a computable par-
tition of w into nonempty intervals {F,}neo by letting Fo = [0,7(¢c(0))) and
Foy1 = [7(@e(n)),v(@e(n + 1))). Now, since D is dense simple, it follows, by
Robinson’s characterization of the dense simple sets given above, that there is a
number m such that holds. So there is a constant ¢ such that
n(n+1)

Dil4+maxFyl=Y [DNF/<(> n)+ec=—F—+c

ARIEAD)] ;

n’'<n n’'<n

for all n > 0. Since, by y < (e, y), y(y +1)-271 + ¢ < ({e,y) +1)? - 27! for all
sufficiently large y, it follows that, for almost all i, there is a stage s, such that
holds for all stages s > s,. So, by the definition of k({e,y), s), lims—oc k({e,y),s) =
1 for all sufficiently large numbers y, whence @D holds.

This completes the proof of Theorem [4.4] O

5. CLOSURE PROPERTIES OF EUWTTAC

In this section, we prove that EUwttAC is closed downwards under <, and
closed under join. The former holds by the following slightly more general result
where we do not require that the sets are computably enumerable.

Lemma 5.1. Let A and B be any (not necessarily c.e.) sets such that A <, B
and such that B is e.u.wtt-a.c. Then A is e.u.wtt-a.c., too.

Proof. Fix computable functions g, k and h such that B is e.u.wtt-a.c. via g, k and

h, and, by clause of Lemma fix a computable function f such that @)f = i)]]?(e)

for e > 0. Then A is e.u.wtt-a.c. via g,k and h where g((e,z),s) = g((f(e), ), s),
k({e,x),s) = k({(f(e),x),s) and h({e,z)) = h({f(e),z)) (for e, z, s € w). O

For the closure under the join operation (and for some later applications), we
need the following technical lemma.

Lemma 5.2. Let Ag and A; be c.e. sets. There exist strictly increasing computable
functions fo, f1 : w — w such that, for all e,z € w,

(43) oM (2) L & (7, (0) L & D7 (2) 1)
and
(44) OPOM(2) | = Fi <1 (D)7, (2) = BoP ().

Proof. Given computable enumerations {4; ;}se, of A; (1 < 1), for each i <1 and
e > 0 define the functional ¥, . by letting, for any set Z and any number z,

Vo (2) & 3s (B0 (2)[s] 4 & Ais [ @e(@) +1= 2 | ge(a) +1)
and by setting

U7 (x) = &4 (2)s]
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for the least such s if U7 (z) is defined. Note that the use of ¥Z (z) is bounded
by @e(z), and, for i < 1, {U; .}eew is a uniformly computable sequence of wtt-
functionals. So, by clause[L] of Lemma[3.3] there is a strictly increasing computable
function f; such that ¥; . = &, (). We claim that fo and f; are as desired.

Note that ®A0®41(z) | trivially implies that @‘2)0(6) () and @21(6) (x) are defined.
So, assuming that é?&e) () and i?ll(e)(x) are defined, it suffices to show that
@}4;(6) (z) = &A1 (1) for some i < 1. By assumption, for i < 1 fix the least stage s;
such that 2041 (z)[s;] L and A, 4, | Pe(x)+1 = A; | @e(x)+1 holds. Then, for s =
max{sg, 51}, it follows by the use-principle that ®A0®41 (z) = dAeS41(z)[s]. So, for

the least 7 < 1 such that s = s;, we may deduce that é}ti(e) (z) = M4 (r). O

By applying Lemma now we can prove that EUwttAC is closed under join.

Lemma 5.3. Let Ag and Ay be c.e. e.u.wtt-a.c. sets. Then Ag® A1 is e.u.wtt-a.c.,
too.

Proof. Fix computable functions g;, k; and h; such that A; is e.u.wtt-a.c. via g;, k;
and h; (i <1). By Lemma[5.2] fix computable functions f; : w — w (i < 1) such
that holds. Define the functions g, & and h by letting

g9((e, ), s) = go({fo(e),x), ) - g1({f1(e), 7),5),
k(<6, ‘T>7 5) = k0(<f0(6)’ .CE>, S) ! k1(<f1(6)7 :17>7 5)7 and
h({e,z)) = ho((fo(e), z)) + h1((fi(e),x))
(for all e, z, s € w). We claim that Ay @ A; is e.u.wtt-a.c. via g, k and h. Obviously,
the functions g, k and h are computable. So it suffices to show @ 9) for A = Ag®
Aq. Now, by the choice of ¢g; and k;, @ is immediate by and (7)) is immediate.
For a proof of (§), note that, for any e, z, s € w, g((e,z),s+1) # g((e, z), s) implies

that g()(<f0<€)7.'11>, s+ 1) 7& go((fo(e),.T), S) or gl(<f1(6)7x>a s+ 1) # 91(<f1(6), l‘), S)
and k((e,z),s) = 1 implies ko({fo(e),x),s) = k1({fi(e),x),s) = 1. So, by the
choice of g;, k; and h;, k({e,z),s) = 1 implies

{t = s:g((e;2),t + 1) # g((e, 2), D)}

< ‘{t > s 90(<f0(€)’x>at+ 1) 7é g0(<f0(€),$>,t)}|+
{t = s:91((fr(e), @), t + 1) # g1((f1(e), z), 1)}

< ho({fole), ) + ha((fi(e), z))

= h({e,x)).

Finally, for a proof of @, fix e such that @?059‘41 is total. Then, by , @2)0(6)
and @}411(6 are total, too. So, by the choice of ky and k1, there is a number zy such
that lims—, oo ko((fo(e), ), s) = 1 and lims— 0o k1((f1(€),2),s) = 1 for all z > .
By the definition of &, this implies that lims_, k({(e,z),s) =1 & > xg. O

The above closure properties of EUwttAC show that the wtt-degrees of the
c.e. e.w.wtt-a.c. sets are an ideal in the upper semilattice of the c.e. wtt-degrees.
Moreover, by the Characterization Theorem, this ideal intersects all high c.e. Turing
degrees.
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Theorem 5.4. The class EUwttAC,,;; of the wtt-degrees of c.e. e.u.wtt-a.c. sets
is an ideal in the upper semilattice of the c.e. wtt-degrees. Moreover, for any high
c.e. Turing degree a, there is a c.e. set A € a such that degyii(A) € EUWttAC 1.

Proof. The first part of the theorem is immediate by Lemmas and For
the second part of the theorem, note that, by Theorem any maximal set is
e.u.wtt-a.c. So the claim follows by Martin’s Theorem [Mar66] which asserts that
any high c.e. Turing degree contains a maximal set. t

In the remainder of the paper we relate the eventually uniformly wtt-array com-
putable sets to the wtt-superlow sets and to the array computable sets. As we will
show this provides strict lower bounds and upper bounds, respectively. We start
with the wtt-superlow sets which are of great interest in themselves.

6. Wtt-SUPERLOW SETS

In this section, we will study notions of lowness for the bounded jump, i.e., we
will look at the wtt-superlow (i.e., bounded low) sets introduced in the introduction
already. After showing that wtt-superlow sets are eventually uniformly witt-array
computable (Subsection [6.1)), we have a closer look at this class of sets. So we
observe that the wtt-degrees of the c.e. wit-superlow sets form an ideal, and we give
an analog of the equivalence of superlowness and jump traceability by introducing
a corresponding notion of wtt-jump traceability (Subsection . We use this
equivalence in order to give a strict hierarchy of the wtt-superlow sets depending on
the order of the mind changes needed in computable approximations of the bounded
jump (Subsection . Finally, we look at the lowest level of this hierarchy, the
class of the strongly wtt-superlow sets, and we show that there are Turing complete
sets in this class (Subsection [6.4)).

6.1. Wtt-superlow sets are eventually uniformly wtt-array computable.
We recall the following definition from the introduction.

Definition 6.1. A (not necessarily c.e.) set A is wtt-superlow if AT <, 0.

In order to show that any (not necessarily c.e.) wtt-superlow set is eventually
uniformly wtt-array computable, we characterize the wtt-superlow sets in terms of
approximability of their bounded jumps. We first recall the relevant notions needed.
A total function f :w — w is called h-computably approzimable via g or h-c.a. via
g for short, if g : w? — w is a computable function and h : w — w is a computable
order such that f(z) = lims_ . g(x,s) and |{s : g(z,s + 1) # g(x,s)} < h(x)
(for any z), i.e., g is a computable approximation of f where the number of mind
changes of g is computably bounded by h; f is called h-computably approximable
(h-c.a.) if f is h-computably approximable (h-c-a.) via some computable function
g :w? — w; and f is w-computably approzimable or w-c.a. for short if f is h-c.a. for
some computable order h. (Note that if the range of f is bounded, say, f(z) < k for
all z, then we may assume that the approximating function g is also bounded by
k. So if A is an w-c.a. set and g approximates A in the limit then in the following
we tacitly assume that g is 0-1 valued.)

Lemma 6.2. Let A be any (not necessarily c.e.) set. The following are equivalent.

1. A is wtt-superlow, i.e., AT <, 0.
2. AT <, 0.
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3. AT is w-c.a.
4. There exists a computable order h such that any set B which is bounded-c.e.
in A is h-c.a.

Proof. The equivalence of the first three clauses and [3] is immediate by the
general fact that, for any set B, B <,u 0" iff B <y 0’ iff B is w-c.a., see, e.g.,
[0di99, I11.8.14] and [DH10, Corollary 2.6.2]. Moreover, the implication ‘ =3
is immediate, too, since A' is bounded-c.e. in A. This leaves the implication ‘3.| =
4.

So suppose that A is w-c.a. Fix a computable function g : w? — {0,1} and
a computable order h such that Af(z) = lim,_ 0 g(z,s) and |{s : g(z,s + 1) #
g(z,5)}| < h(z) hold for all z. We claim that any bounded A-c.e. set is h-c.a. for
the order h(z) = h((x,z)). So let B be a bounded A-c.e. set. Fix e € w such
that B = dom(®2). Then z € B iff (e,z) € Af. Define the computable function
g:w? —{0,1} by letting

(. 5) = {B(m) ifx <e,

g({e,x),s) otherwise.

By definition, B(x) = lims_,+ §(z, s) holds for all z. So it suffices to show that the
number of mind changes of g(z,-) is bounded by h(z) for any x. The latter clearly
holds if z < e. On the other hand, for £ > e we may argue that

{s:d(x,s+1) # gla,9)} = {s: g((e,z), s + 1) # g((e,2),9)}| < h((e, x)) < h(w),
where the latter inequality holds since his a computable order. ([l

Corollary 6.3. Any (not necessarily c.e.) wtt-superlow set is eventually uniformly
wtt-array computable.

Proof. Assume that A is wtt-superlow. Then, by Lemma AT is w-c.a. So we
may fix a computable order h and a computable function g such that Af is h-c.a.
via g. It follows that A is eventually uniformly wtt-array computable via g, k and
h where we may let k be the constant function k(z,s) = 1. O

From Lemma [6.2] we can further deduce that the class of the wit-superlow sets is
closed downwards under wtt-reducibility and that the class of the c.e. wtt-superlow
sets is closed under join. So the class of the wtt-superlow c.e. wtt-degrees is an
ideal in EUwttAC.

Corollary 6.4. (a) Let A and B be any (not necessarily c.e.) sets such that
A <, B and B is wtt-superlow. Then A is wtt-superlow, too.
(b) Let Ay and Ay be wtt-superlow c.e. sets. Then Ag® Ay is wtt-superlow, too.

Proof. (a). By wtt-superlowness of B, BT <, (' while, by A <,;; B and by part
of Lemma AT <. BY. Hence A" <, (/. By Lemma this implies that
A is wtt-superlow.

(b). By Lemma fix computable functions f; (i < 1) satisfying (43]). Then,
for all e,z € w, we have

le,z) € (Ag @ AT & Vi<1(2(fi(e),z)+ic Ag @ AD).
Hence, (Ao ® A1)" <y A:r] @ AJ{ <u 0. g
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6.2. Wtt-superlowness and wtt-jump traceability. For computably enumer-
able sets the equivalent characterizations of wtt-superlowness given in Lemma [6.2
can be expanded. In particular, a computably enumerable set A is wtt-superlow iff
A is witt-jump traceable where the latter is defined as follows.

Definition 6.5. A set A is h-wtt-jump traceable via {V.}ecw if b is a computable
order and {V.}ecw is a uniformly c.e. sequence of finite sets such that, for all
e >0, V| < h(e) and JA(e) | implies JA(e) € V.; A is h-wtt-jump traceable if
there exists a uniformly c.e. sequence {Ve}ecw such that A is h-wtt-jump traceable
via {Ve }eew; and A is witt-jump traceable if there exists a computable order h such
that A is h-wtt-jump traceable. If A h-wtt-jump traceable via {Ve}ec, then we say
that {Ve}eew s an h-trace for JA.

Theorem 6.6. For a c.e. set A, A is wtt-superlow if and only if A is wtt-jump
traceable.

By Lemma[6.2] Theorem [6.6]is immediate by the following two lemmas. In these
lemmas, in addition we analyze how the relevant orders are affected if we go from
one notion to the other. (This analysis will be used below in the proof of Lemma
6.12]).

Lemma 6.7. Let A be a c.e. set, let h be a computable order, and suppose that At
is h-c.a. Then A is h-wtt-jump traceable for the computable order h(xz) = fM]

Proof. We adapt some of the techniques from [Nie06, Theorem 4.1] where it is
shown that the c.e. superlow sets coincide with the c.e. jump traceable sets.

Fix a computable function g : w? — {0,1} such that Af is h-c.a. via g and fix
a computable enumeration {Ag}se., of A. We show that there exists a number
d € w and a uniformly c.e. sequence {V, }cc., such that A is h’-wtt-jump traceable
via {V.}eew for the computable order h'(x) = (WW + 1. Then, obviously, A is

ﬁ—wtt-jump traceable via {‘A/e}eEw via the uniformly c.e. sequence

0 if e < dand JA(e) t
V.=1¢{J%e)} ife<dand Je)]
Ve otherwise.

Now, along with {V.}ccn, we define an auxiliary wtt-functional ¥ in stages s
where, by the Recursion Theorem, we may assume that in advance we know an
index d € w such that ¥ = &, holds (the intuition behind ¥4(z) is that its
computation is a delayed version of the computation of J4(z)). In more detail, we
define a uniformly computable sequence of wtt-functionals { W, }.c, (intuitively, for
any e € w, we have a version for the definition of ¥, where e is a guess for an index
of W). Then, in the construction, we make WA (z) defined (undefined) at a certain
stage s + 1 only if g((e,z),s) correctly approximates the status of definedness of
@f(x)[s] Then, by the Recursion Theorem, there exists a number d such that
U, = dy. So U = U, is as desired. Now the definition of V, and U4 (e) for given
e € w is as follows.

Stage 0. Let Voo = 0 and ¥4(e)[0] 1.
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Stage s + 1. Let V., and W4(e)[s] be given. If H.(e)[s] 1 or if Agyq |
Gel(e) +1# Ag | ¢e(e) + 1 holds then let UA(e)[s + 1] 1 and V, 41 = Vi g.
Otherwise, distinguish between the following cases.

(i) If WA (e)[s] 1, JA(e)[s] | and g((d,e),s) = 0 then let UA(e)[s + 1] |=
JA(e)[s] with use ¢.(e) and let Vo 541 = Vi .

(ii) If ¥4(e)[s] } and g((d,e),s) = 1 then let ¥4 (e)[s + 1] = U4 (e)[s] and
Ve,st1 = Ve U{T4(e)[s]}-

If neither of the previous cases applies then let U4 (e)[s+ 1] = ¥4 (e)[s] and
‘/;7s+1 = ‘/e,s~

By the effectivity of the construction, {V,}ee, is uniformly c.e. and ¥ is a wtt-
functional. We claim that {V,}.e, and the number d obtained from the Recursion
Theorem are as desired. We first prove that {V}.e, is a trace for JA Solete cw
be given such that J4(e) |. Then we may fix the least stage s such that J4(e)[s] |
and A | Pe(e) +1 = Ag | @e(e) + 1. Since lim, oo g({d, ) ,5) = dom(T4)(e),
it follows that there exists a stage so such that (i) applies at stage so + 1. So
W4 (e)[so+1] |= J4(e) holds by construction; hence, for the least stage s; > sq such
that (i) applies at stage s; + 1, it follows that J4(e) € Vo5, 11; hence, J4(e) € V..

It remains to show that {V.}.e, is an h'/-trace. For that, we observe that,
by construction, a number x may be enumerated into V. at stage s + 1 only if
x = UA(e)[s] |. Soif sy < s; are stages such that WA (e)[so] }# ¥4 (e)[s1] | and
such that W4(e)[s;] enter V, at stage s; + 1 (i < 1) then, by construction, there
must be a stage s such that s € (so,s1) and such that W4(e)[s + 1] 1. Thus, by
(i), there exists a stage t € (s,s;) such that UA(e)[t + 1] . So, by (ii), we can
argue that each new element that enters V, corresponds to a change of g({(d,e), )

h({d,€))

from 1 to 0 and back to 1. Since there are at most [ =53] many such stages, this

completes the proof. O

Lemma 6.8. Let A be a c.e. set. There exists a strictly increasing computable
function f : w — w such that, for any computable order h such that A is h-wtt-
jump traceable, AT is h-c.a. via the computable order h(x) = 2h(f(z)) + 1.

Proof. Given a computable enumeration {A;}se, of A, consider the wit-functional
U such that, for any oracle X and any input e,z € w, we have

(45) T ((e, ) = us(®A(x)[s] | & X | @e() +1= A, | Ge(x) +1)

and, by of Lemma let f : w — w be a computable function such that
U (n) = JX(f(n)) holds for all oracles X and all numbers n.

Now fix a computable order h and suppose that A is h-wtt-jump traceable. By
the latter, fix a uniformly c.e. sequence {V}ce,, which is an h-trace for JA. Then,
for all n,e,z,s € w, let

(46) t(n,s) = max(Vy(,),s), and
1 if ®A(x)[t((e,z),s)] | and
(47) g((e,x) ,8) = Ag I L)56(-%') +1= At((e,r),s) I L)56(33) +1,

0 otherwise.
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We claim that AT is h-c.a. via g for the computable order & as given by the lemma.
First of all, we show that lim,_, g((e,z),s) = Af({e,z)) holds for all e,z € w.
First, suppose that ®4(x) 1. Then ®4(x)[s] 1 holds for almost all stages s; hence,
lim, 00 g((e, ), s) = 0, as desired. Otherwise, U4 ((e,z)) |; hence, JA(f({e,z))) <
t((e,z),s) holds for almost all s by the definition of f and by which in turn
implies that lims_, o g({e,x),s) = 1, as desired.

In order to show that the number of mind changes of g({e,x),-) is bounded
by 2h(f({e,z))) + 1, by the fact that g({e,z),0) = 0, it suffices to show that the
number of stages so < s1 such that g({e,x),s9) =1, g({e,z),so + 1) = 0 and such
that sy is the least stage greater than sg such that g({e,z),s1) =1 is bounded by
h(f({e,x))). For the latter, let e,z € w be given and suppose that sy < s are as
above. We claim that t({e, z), so) < t({e, ), s1) holds. Otherwise, since t({e, x) ,s)
is nondecreasing in s and by , it follows that

2 (@)[t((e. ), 50)] 4
and
Asy T @e(m) + 1= As((e,n),s0) | Pe(®) + 1.
Hence, g({e,z),s) = 1 holds for all s € [sg, s1), contrary to choice of stage sp. So

for any such two stages sy < s; there exists a number which is enumerated into
Vitew) As {Ve}eew is an h-trace, this completes the proof. O

6.3. A hierarchy of wtt-superlow sets. We conclude the section by looking at
strong variants of wtt-superlowness and by introducing a hierarchy of wtt-superlow
sets. By Lemma [6.2] a set A is wit-superlow if there is a computable order i such
that AT is h-c.a. So we may ask whether the function i depends on A or not. In
this subsection we show that in general this is the case. In fact, we show that, for
any computable order hy, there is a (faster growing) computable order hg such that
there is a c.e. set A such that the bounded jump AT of A is hy-c.a. but not hy-c.a.,
and there is a (slower growing) computable order hg such that there is a c.e. set B
such that the bounded jump Bf of B is hi-c.a. but not hg-c.a. On the other hand,
in the next subsection we will show that there are noncomputable — in fact, Turing
complete — c.e. sets A such that AT is h-c.a. for all computable orders.

The key to the hierarchy results in this subsection is the following technical
lemma.

Lemma 6.9. Let h, iz, H and H be computable orders such that, for n >0,
(48) h(n) = h({n,n)) and H(n) = 2H(n)+ 1

and such that there are a computable order neg(n) and a strong array {F,}new of
mutually disjoint finite sets satisfying

(49) ¥ n (|| = neg(n) +1)
and
(50) V(Y (h(maxF,)+1) < H(m)).

{nineg(n)<m}
Then there is a c.e. set A such that At is H-c.a. but not h-c.a.

Proof. By a finite injury argument, we give a computable enumeration {Ag}se,, of
a c.e. set A with the required properties.
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We make AT H-c.a. via the canonical computable approximation g : w? — {0,1}
of A" induced by {As}se., where (for e,z > 0)

(51) g((e,z),5) =1 & & (2)[s] | .
For this sake it suffices to ensure that
mgy((e, x)) < H(({e, x))
for all e,z > 0 where
mg(<e7x>) = |{S : g((e,x), s+ 1) # g((e, $>7 S)}|

is the number of mind changes of g on (e, z). In order to achieve this, it suffices to
meet the (negative) requirements

Nieay © @el@) L= [(A\ As ) | e(a)] < H((e,x))

for e,z > 0 where s, is the least stage s such that ¢ s(x) |. Namely, for any
stage s such that g({e,x),s) =1 and g({e,x), s+ 1) = 0, the definition of g implies
that s > sy and A1 [ @e(x) # A [ Ge(x). Since g({e, ), s) = 1 for any other
stage s such that g({e,z),s+ 1) # g({e, ), s), it follows that

mg((e,z)) < 2-1{s:g({e,x),s) =1& g({e,x),s+1) =0} + 1
< 218> 800yt Astr | Pel@) £ As | ela)|}] +1
< 2 |(ANAs, L) T de() +1
< 2-H((e,z))+1

= H({e,z))
where the last inequality holds by N 4.
In order to guarantee that A is not h-c.a., we define an auxiliary wtt-functional
U together with a corresponding partial computable use bound v such that
(52) dom/(¥) is not h-c.a.

The proof that this guarantees that A' is not h-c.a. is indirect. For a contradiction
assume that A" is h-c.a. Fix § such that AT is h-c.a. via § and fix e such that
W = &,. Then, for z > 0, As.g((e,z),s) converges to dom(¥)(z) with < h({e,z))
mind changes. Since h((e,z)) < h(x) for all numbers & > e, this implies that
dom (W) is h-c.a. contrary to B2).

Since, for any order h, any h-c.a. set B is h-c.a. via a primitive recursive function,
condition can be broken up into the (positive) requirements

P, : dom(¥) is not h-c.a. via g,.

(n > 0) where {g, }new is a computable numbering of the primitive recursive func-
tions of type w? — {0,1}.
The basic strategy for meeting requirement P, is as follows. We pick a number

y, called (P,-)follower, such that P, may define ¥ and ¢ on y. Then we ensure
that the follower y witnesses that P,, is met by guaranteeing

(33)  dom(¥*)(y) = lim ga(y,s) = s : galy.s+1) # galy. )} > hly).
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For this sake we pick h(y) +1 numbers zg < 21 < - - - < Zj,(y)» Called (Pn-)attackers,
which are not used as attackers by other strategies, let ¥(y) = Zhy T1 (note that

this allows us to make a convergent computation ¥4 (y)[s] | divergent at stage
s+ 1 by enumerating one of the attackers into A at this stage), and define ¥ on y
as follows (where initially ¥4 (y)[0] 1). For any stage s such that U (y)[s] 1 and
9n(y,s) = 0 we let U4(y)[s + 1] | (note that this does not require to change the
oracle A,) and for any stage s such that W4(y)[s] |, gn(y,s) = 1 and there is at
least one attacker z; left which is not yet in A, we put the least such z; into A
at stage s + 1 and let ¥4 (y)[s + 1] 1. Obviously, if the hypothesis of holds,
this guarantees that there are at least h(y) + 1 stages s such that g, (y,s) = 1 and
gn(y,s+ 1) = 0. So, in particular, holds. Moreover, the functional ¥ defined
in this way is a wtt-functional with partial computable bound % on the use.

Now, in order to make the P, -strategies compatible with the goal of meeting the
negative requirements N, ), we have to adjust the basic strategy. In particular,
it may happen that the P,-follower may be cancelled by a negative requirement,
and the basic strategy for meeting P,, has to be started all over again with a new
follower (and new attackers).

We say that P,, injures /\/’<e’m> via follower y and corresponding attacker z at stage
s+ 1if e s(x) | (e, ez < 8), 2 < Pe(x) and P, enumerates z into A at stage
s+1. So, since attackers are the only numbers which may enter A, in order to ensure
that NV oy is met it suffices to guarantee that there are at most H((e,z)) stages
at which the requirement N, , is injured. In order to achieve this, first we ensure
that if a P,-follower y is appointed at stage s+ 1 then the corresponding attackers
z; are chosen to be > s+ 1 (in the actual construction we achieve this by letting
zi = (y,s + 1,7) which, in addition, ensures that the sets of attackers associated
with different followers are disjoint) whence, for any requirement ME,I> such that
Ge,s(x) |, Pp will not injure N,y after stage s since Pe(z) < sieqy < 5 < 2; for
any attacker z; associated with y (or with any P,-follower appointed later). Next
we assign priorities to the requirements, and we ensure that a negative requirement
Nie,zy cannot be injured by any lower priority positive requirement P, as follows.
If ¢c(z) becomes defined at stage s (i.e., if s = 510 ,) then N .y initializes the
lower priority positive requirements P,, at stage s by cancelling the current follower
y of P, (if any) and the corresponding attackers. So the strategy for meeting P,
has to be restarted with a new follower and new attackers after stage s, thereby
guaranteeing that the new attackers are too large to injure N zy.

Note that P,, can be injured by any higher priority negative requirement at most
once. So in order to guarantee that there will be a follower y of P, left which is
never cancelled (whence the basic strategy using follower y will succeed to meet
Pn) it suffices to assign a reservoir of followers to P,, which is greater than the
number of the negative requriements that have higher priority than P,.

Here we achieve this by letting N, have higher priority than P,, iff m < neg(n)
(and by letting P, have higher priority than A, otherwise) and by letting the finite
set F,, be the reservoir of P,-followers. Then there are neg(n) negative requirements
of higher priority than P,, and, by there are neg(n) + 1 potential P, -followers.
So the positive requirements P,, are met.

It remains to show that the negative requirements N, (e,z) are met, too. By ini-
tialization, V(. ;) can be injured only by the higher priority positive requirements,
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i.e., by the requirements P, where neg(n) < (e,x). Moreover, for any such re-
quirement Py, Nz can be injured via one P,-follower only. Namely, if N ,)
becomes injured by P, via y at stage s + 1 then si ;) < s. So the attackers of
any Pp-followers which may be appointed later are greater than s ) and hence
cannot injure N ;). So Nz can be injured by a single higher priority positive
requirement P,, at most iL(maX F,)+1 times, since any P,,-follower y is picked from
the reservoir F,, and since y is associated with h(y) + 1 attackers.

So, if we let P, > N, denote that P, has higher priority than N,,, then, for
any (e, x) such that ¢.(z) |,

(AN Asi, ) T @e()]

2P, >N<e,z>}(h(max Fo)+1)

Z{n:neg(n)f(e,z)}(h(max Fn) + 1)
H((e,z))

IN

where the last inequality holds by assumption . So the negative requirements
Nie,z) are met, too.

Having outlined the construction, we conclude the proof by giving the formal
construction. We start with some additional notation. Let y,[s] be the follower of
P, at stage s (if any); if yn[s] | let z,.[s] (i < h(yn[s])) be the attackers associated
with y,[s]; let yg <y <--- <yl 4(n) De the elements of F, in order of magnitude;
call a negative requirement critical at stage s if ¢ s(7) | (i.e., s¢e 4y < 5); and let

l(n,s) = |{{e,x) < neg(n) : (ﬁe,s(x) = [{{e,z) <neg(n) : S(e,x) 1< s}

be the number of the negative requirements of higher priority than P, which are
critical at stage s. (Note that As.l(n,s) is nondecreasing in s, {(n,0) = 0 and
l(n,s) < neg(n) whence Yi(n,s) is & well-defined element of F,.) In the construction
all parameters persist unless explicitly stated otherwise.

Stage 0 is vacuous, i.e., Ag = (), ¥ and 9 are nowhere defined, and no followers
and attackers are defined.

Stage s + 1. Requirement P, requires attention if
(a) either n =s, or n < s and l(n,s) <I(n,s+1) or
(b) n < sand l(n,s+1) =1(n,s) and
(b1) T(y,[s])[s] T & gn(ynl[s],s) =0 or
(b2) UA(y,[s])[s] & & gn(yn[s],s) = 1 and there is an attacker z,, ;[s]
which is not in A;,.

For any requirement P,, which requires attention act as follows according
to the case via which the requirement requires attention.
(a) If n < s and I(n,s) < l(n,s+ 1) declare that P, is initialized at stage
s + 1 and cancel the follower and attackers of P, existing at stage
s. In any case appoint y,[s + 1] = Yiln,s+1) 8BS (new) Pp,-follower,
assign 2y i[s + 1] = (yn[s + 1], s + 1,4) as the corresponding attackers
(i < h(ynls +1])), and let ¢ (yn[s + 1]) = Zn7ﬁ(yn[5+1])[s +1]+ 1.
(b) Distinguish the following subcases. If (b1) holds then let ¥ (y,,[s])[s+
1] |. If (b2) holds then let U (y,[s])[s + 1] 1 and, for the least i such
that z, ;[s] € As, enumerate z, ;[s] into A.
This completes the construction. The correctness of the construction follows
from the preceding discussion. A formal verification is left to the reader. O
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Theorem 6.10. Let hy be any computable order. There are computable orders hg
and ho such that the following hold.

(a) There is a c.e. set A such that At is ho-c.a. but not hi-c.a.
(b) There is a c.e. set A such that AT is hi-c.a. but not hg-c.a.

Proof. (a). Let h, h, H, H be the computable orders defined by h = hy, iz(n) =
(n,n),

(54) H(n) = n- (h((n,n)) + 1),

and H(n) = 2H(n) +1 (n > 0), let neg be the computable order neg(n) = n + 1,
and let {F},},cw be the strong array of mutually disjoint finite sets given by

Fo = [{(n,k) : k < n}|.

We claim that (a) holds for hy = H. By Lemma it suffices to show that
and hold. The former is immediate. The latter holds by

Z{n :neg(n)<m} (il(max Fn) + 1) = Z{n n+1<m}(iL(< >) + 1)
< m- (hl(m,m)) + 1)
= H(m)

where the first equality holds by the definition of neg(n) and F,, while the last
equality holds by the definition of H.

(b). Note that, for any computable orders k and h such that h dominates h, any
h-c.a. set is h-c.a. Moreover, for any computable order h there is a computable order
H such that h dominates the computable order H(n) = 2H(n) + 1. So w.lo.g. we
may assume that there is a computable order H such that hy is the corresponding
computable order H, i.e., hy(n) = H(n) = 2H(n) + 1 for n > 0. It suffices to define
computable orders h, h, neg and a strong array {F), }ne, of disjoint finite sets such
that h, h, H, H, neg and {F,, }ne,, satisfy the hypotheses of Lemma. Then (b)
holds for hg = h.

Let neg be a strictly increasing computable function such that H(neg(n)) >
s(n+1) where s(n) =0+1+---+n, and let {F), },c. be the computable partition
of w into intervals such that max F;, + 1 = min F,,y; and

|E| = neg(n) + 1.
Finally, let h be any computable order such that
h({n,n)) =m iff n € F,
and let h(n) = h((n,n)).

It remains to show that and hold. The former is immediate by the
definition of F),. For a proof of fix m. W.l.o.g. we may assume that there is a
number n such that neg(n) < m (otherwise, trivially holds since ) J4(...) = 0).



THE COMPUTATIONAL POWER OF MAXIMAL SETS 39

So, since neg is an order, there is a greatest such n, say, ng. It follows that

Z{n:neg(n)gm}(h(ma’x F’ﬂ) + 1) = Z{n:neg(n)gm} (TL + 1) R
(by the definition of h and h)

< Dinmsngy(n+1)
(by the maximality of ng)
= sA(no +1)
< H(neg(no))
(by the definition of neg)
< H(m)
(by neg(no) < m)
which completes the proof of and the proof of the theorem. (I

6.4. Strongly wtt-superlow sets. We now show that there is a noncomputable
c.e. set — in fact, a Turing complete set — A such that AT is h-c.a. for any order h.

Definition 6.11. A set A is strongly wtt-superlow if AT is h-computably approz-
imable for any computable order h; and A is strongly wtt-jump traceable if A is
h-wtt-jump traceable for any order h such that h(0) > 0.

We first observe that the equivalence of wtt-superlowness and wtt-jump trace-
ability for c.e. sets extends to strong wtt-superlowness and strong wtt-jump trace-
ability.

Lemma 6.12. Let A be a c.e. set. A is strongly wtt-superlow if and only if A is
strongly wtt-jump traceable.

Proof. First assume that A is strongly wtt-superlow. Then, given a computable
order h such that h(0) > 0, we have to show that A is h-witt-jump traceable. Let

h’ be a computable order such that (W%»] < h(z) for all z > 0. Then, by
assumption, Af, is h/-c.a. But, by Lemma this implies that A is h-wtt-jump
traceable.

Now assume that A is strongly wtt-jump traceable. Then, given a computable
order h, we have to show that Af is h-c.a. Since any set which is h-c.a. is h'-c.a.
for any finite variant h’ of h, w.l.o.g. we may assume that h(0) > 3. Fix a strictly
increasing computable function f as in Lemmal[6.8]and let 4’ be a computable order
such that A'(0) = 1 and 2K/(f(x)) + 1 < h(z) for z > 0 (note that, by h(0) > 3
such h' exists). Then, by assumption, A is h'-wtt-jump traceable. But, by Lemma
this implies that AT is h-c.a. O

Theorem 6.13. There exists a Turing complete set A which is strongly wtt-
superlow.

Proof. We give a computable enumeration {As}sc. of a c.e. set A with the required
properties. In order to make A Turing complete we use marker permitting. Fix
a Turing complete set K, let k£ : w — w be a computable one-to-one function
enumerating K, and let K, = {k(¢) : t < s}. We inductively define the computable
marker function 7 : w? — w by letting

(,0) = (z,0)

(55) v(z, s) if x <z,
z,s+1)=
i ) (x,s4+ 1) otherwise,
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where the number x4 is determined at stage s + 1 of the construction. Moreover,
we let

(56) As = {y(m,t) 1 ¢ < s}

(for s > 0). Note that vy(z,s) is strictly increasing in  and nondecreasing in s.
Moreover, if v is moved on z at stage s+ 1 then y(x,s) < y(z,s+1), y(z,s+1) >
s+1, and y(z,s+1) # v(y, t) for all numbers y and all stages ¢ < s. It follows that
~v(x,s) & As for all numbers = and stages s. So the marker v(xs, s) is enumerated
into A at stage s + 1, and the markers v(x4,s) (s > 0) are the only numbers
enumerated into A. Now in order to ensure that K is Turing reducible to A it
suffices to choose the numbers x, such that

(57) Vs (zs < k(s))
and
(58) Vo ({s:xs <z} is finite).

Namely, the latter ensures that, on any x, the marker « reaches a final position
v (x), ie., lims oo y(z,8) = v*(x) € w exists. Moreover, y(x) reaches its final
position at the least stage s such that x < x; for all ¢ > s, i.e., at the least
stage s such that A | y(z,8) +1 = A [ v(x,8) +1. Sov* <r A. By this
implies K <7 A since, for any z, x € K iff x € K, for the least stage s such that
A(z,5) = 7" ().
Note that, for any stage s,
(59) (AN Ag) Ts+ 1] <zg+ 1.

(Namely, y(x¢,t) is the unique number which enters A at stage t + 1 and v(x,t') >
t+1forz > a and t' > t+ 1. So, for ' > t > s such that v(as,t) < s and
Y(xp, t') < s, we have zp < x4 < xs.) So, for any number n > 0 and any stage s,
we can ensure that A changes below s+ 1 after stage s at most n times by letting
s be less than n. This will be crucial for achieving our second goal, namely the
goal to make A strongly wtt-superlow.

By Lemma [6.12] it suffices to make A strongly wti-jump traceable, i.e., to meet
the requirements

Re : If @ is an order such that ¢.(0) > 0 then A is p.-wtt-jump traceable.

for e > 0. The strategy for meeting these requirements is based on the following
observation.

Claim 1. Assume that . is an order, p.(0) > 0, and
(60) Ve n (@n(n) L = 7 (pe(n) — 1) = Pn(n)))
holds. Then R. is met.
Proof. Fix ng such that the inner clause of holds for n > ng. We have to show
that there is a @-trace {V, }new for JA. Let V,, = 0 if n < ng and J2(n) 1, let
Vi, = {JA(n)} if n < ng and J2(n) |, and let

Vo = {2 (n)[s] 1 5 > 0 & y(pe(n) — 1,5) > dns(n) | & JiH(n)[s] 1}

if n > ng. Obviously, {V,}new is a c.e. sequence of finite sets. Moreover, by the

choice of ng, JA(n) € V,, if J2(n) is defined. So it suffices to show that |V;,| < @ (n).
Since ¢.(n) > 1 for all n by assumption, this is immediate for n < ng. So fix
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n > ng and, for a contradiction, assume that |V,,| > p.(n). Then there are stages
50 < 81 <+ < Sy (ny sSuch that @, s, (n) I< s0, Y(pe(n) —1,50) > Pn(n) and, for

m < @e(n), JAn)[smi1] 1# JA(n)[sm] I. By the latter,
(61) [(A\ Aso) T @n(n)] = pe(n).

On the other hand, if y is the first number < @, (n) which enters A after stage s,
say, at stage t + 1 > sq, then

y=7(t,t) < Pn(n) < y(pe(n) —1,50) < v(pe(n) — 1,1).
So 24 < @e(n) — 1. It follows that
[(A\ Agy) | dn(n)] [(A\ Ap) | @n(n)| (by the choice of t)

< J(ANA) TE+1] (by ¢n(n) <so <t+1)
< ozt (by (59))
< @e(n)
contrary to . This completes the proof of Claim 1. O

Now, by the above discussion, it suffices to choose the numbers =4 so that con-
ditions (57) and as well as, for e > 0 such that ¢, is an order and ¢.(0) > 0,
conditio are satisfied. Unless the strategies for satisfying (60]) assign a num-
ber < k(s) to x5 we let s = k(s). Obviously this guarantees and, since k is
one-to-one, this is consistent with .

The strategy for meeting (if necessary) is as follows. Given e and n such
that @c(n) > 0 and @,(n) |, @es(n) | and @, s(n) | for almost all stages s
and, in order to guarantee that the inner clause of is satisfied, it suffices that
s < we(n) — 1 for at least one of these stages s, since this ensures that

Y (pe(n) —1) > y(pe(n) — 1,8+ 1) > y(xs,s+ 1) = (x5, + 1) > s+ 1 > $n(n).

(Also note that if e or n is not as above then we do not have to satisfy or the
inner clause is trivially satisfied.) So the following (preliminary) definition of the
numbers x; will guarantee that and are satisfied.
Given s, fix e,n,t such that s = (e,n,t). If ¢, s(n) | (hence p,(n) < s),
Ye,s(M) 1> 1, v(pe(n) — 1,5) < @n(n), and @e(n) — 1 < k(s) then let
Zs = @e(n) — 1. Otherwise, let z; = k(s).

Unfortunately, however, this definition does not satisfy . Still, for fixed e,
such that ¢, is an order and ¢.(0) > 0, the strategy for satisfying willlet zs < z
for fixed x only finitely often, since this happens only for n such that p.(n) < z+1
and, for each such n, this may happen at most once. So the claim follows since,
by . being an order, there are only finitely many n such that p.(n) < z + 1.
Moreover, since it suffices to meet the inner clause of for almost all n and
since, for an order ., v.(n) > e+ 1 for almost all n, we may restrict the action
for ¢, to such numbers n. So, for given z, there are only finitely many e which
may let zs < x. Hence, the above modification will suffice to make the action of
all orders ¢, together compatible with . So we have only to ensure that the
action for functions ¢, which are not an order (and for which we do not have to
satisfy ) does not affect more seriously than the action for an order. For
this sake, for any e, we let s = pe(n) — 1 only if p.(n) > e+ 1 and if we can be
sure that we will do so for only finitely many n’ with ¢.(n’) = @.(n). Note that
the latter can be guaranteed, by letting x5 = p.(n) — 1 only if there is a number
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n’ > n such that ¢, ;(m) is defined and this ¢, is nondecreasing on w | n’ +1 and
Ye(n) < @e(n'). Also note that this may delay the necessary action for an order
@, only for finitely many stages. So the following definition of z; (s > 0) will have
the required properties.

Given s, fix e, n, t such that s = (e, n,t). If

(i) @n,S(n) } (hence ¢, (n) < s),
(i) there is a number n’ > n such that ¢, s(m) | for m < n', @, is
nondecreasing on w [ n' 4+ 1, ¢.(0) > 0, and @e(n') > @c(n) > e+ 1,

(iii) Y(pe(n) —1,8) < $n(n), and

(iv) o) — 1< k(s)

then let x4 = @c(n) — 1. Otherwise, let z, = k(s).

We complete the proof by arguing more formally that condition , condition
(58), and, for orders ¢, where ¢.(0) > 0, condition are satisfied. Condition
(57) is immediate by the definition of .

For a proof of fix . Let v be minimal such that k(s) > « for s > u. Call s
an (e,n)-stage if s = (e,n,t) > u for some number ¢ and z, < z, call s an e-stage
if s is an (e, n)-stage for some number n, and call s critical if s is an e-stage for
some number e. It suffices to show that there are only finitely many critical stages.
We do this by showing that (a) any critical stage s is an e-stage for some e < z
and (b) for fixed e there are only finitely many e-stages. For a proof of (a) let s
be critical. Fix the unique e, n, ¢ such that s = (e,n,t). Then s is an (e, n)-stage.
Hence (i) - (iv) in the definition of x5 hold and x5 = ¢.(n) — 1 < z. By the latter
and by (ii), e < pe(n) — 1 = z; < z. So (a) holds. For a proof of (b) fix e, and, for
a contradiction, assume that there are infinitely many e-stages. Obviously, for any
n, there is at most one (e, n)-stage. So, for any number m, there is an (e, n)-stage
such that n > m. On the other hand, if there is an (e, n)-stage s, then ¢, is defined
and nondecreasing on w [ n+1 and ¢, (n) is not the maximum of range(¢e). So @e
is an order. It follows that there is a number ng such that ¢.(n) > 2 +1 for n > ny.
So there is no (e, n)-stage with n > ny which gives the desired contradiction.

Finally, fix e such that ¢, is an order and ¢.(0) > 0. We have to show that
holds, i.e., that there is a number ng such that v*(¢e(n) — 1) > @, (n) for any
n > ng such that ¢, (n) |. Let ng be the least number n such that p.(n) > e + 1.
Then, for any n > ng such that ¢, (n) J, fix t minimal such that, for s = (e, n,t),
clauses (i) and (ii) in the definition of x5 hold. (Note that such a stage must exist
since . is an order.) It suffices to show that v(pe(n)—1,s+1) > ¢, (n). If (iii) fails
then this is immediate. Otherwise, x5 < @c(n) — 1. So Y(pe(n) — 1,54+ 1) > @, (n)
in this case too.

This completes the proof of Theorem [6.13 (]

We conclude this section by showing that the class of the strongly wtt-superlow
sets is downward closed under wtt-reducibility and that the class of the c.e. strongly
wtt-superlow sets is closed under join. Compare this with the corresponding results
for the eventually uniformly wtt-array computable sets (Lemmas and and
the wtt-superlow sets (Corollary [6.4)).

Theorem 6.14. (a) Let A and B be any (not necessarily c.e.) sets such that
A <. B and B is strongly wtt-superlow. Then A is strongly wtt-superlow, too.

(b) Let Ag and Ay be strongly wtt-superlow c.e. sets. Then Ag @ A; is strongly
wtt-superlow, too.
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Proof. (a). Given a computable order h, it suffices to show that AT is h-c.a. By
clause [T of Lemma 4] fix a strictly increasing computable function f such that,
for e > 0 (I>A f( ) hence

At((e,z)) = B ((f(e), 2))

for e,z > 0. Now, since f is strictly increasing and so is (-,-) (in either argu-
ment), (f(e),z) < f({e,x)). So, for any order b’ and any h'-bounded computable
approximation g’ of BT, g defined by g({e,x)) = ¢'({f(e),z)) is a computable ap-
proximation of At and g is A’(f(n))-bounded. Since, for any computable order h
there is a computable order ' such that h'(f(n)) < h(n) for n > 0, and since, by
assumption, Bt is h/-c.a. for any computable order A, this shows that AT is h-c.a.

(b) Given a computable order h, it suffices to show that (Ao @ A1) is h-c.a. Fix
strictly increasing computable functions fy, f1 : w — w as given by Lemma let
f(n) = fo(n) + fi(n) and let A’ be a computable order such that h'(f(n)) < h(n)
for n > 0. Then, since Ag and A; are strongly wtt-superlow, we may fix h’-bounded
computable approximations g; of A;[ (1 <1). Now define g by

9({e,x), s) = min{go((fo(e), z), s), 91 ({f1(e), ), 5)}.

By (3), g is a computable approximation of (Ag®A;)". Moreover, by the definition

of g and by the choice of gy and g1, g is h-bounded by for the computable order h
defined by

h({e,z)) = W' ((fole), @) + B ((fi(e), @) < 20 (f({e, ).
But, since f majorizes fo and fi and f and (-,-) are strictly increasing, it follows
by the choice of A’ that h(n) < h'(f(n)) <n for n > 0. So (49 ® A;)' is h-ca. O

7. EUWTTAC AND ARRAY COMPUTABLE SETS

In the preceding section we have shown that the class of the c.e. wtt-superlow
sets is a subclass of EUwttAC. Here we show that the class of c.e. sets having
array computable (a.c.) wtt-degree is a superclass of EUwttAC, i.e., there is no
e.u.wtt-a.c. c.e. set which is wtt-equivalent to an array noncomputable (a.n.c.) set.

Before we do so, we give some background on the array (non)computable sets
and degrees. We mentioned in the introduction, already, that the array computable
degrees, introduced by Downey, Jockusch and Stob [DJS90], have proven a highly
successful unifying tool in the study of the computational power of c.e. (and general)
sets and Turing degrees. We recall from [DJS90] that a degree a is array noncom-
putable (a.n.c.) iff for all functions f <, @' there is a function g computable from
a such that

Fa(g(@) > [(x)).

So array noncomputability is a kind of non-lowness property, closely resembling
— but more general than — non-lows-ness since the latter property is obtained if
in the above definition we consider all functions f which are Turing reducible to
() and not only the ones which are wtt-reducible to (). It turned out that many
constructions which were originally proven using non-lows-ness, could be adapted
to work with the weaker assumption that a is array noncomputable. For example,
Downey, Jockusch and Stob [DJS96] showed that every array noncomputable degree
bounds a 1-generic degree. The unifying power of such degrees can be seen in the
following summary theorem.
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Theorem 7.1. The c.e. a.n.c. degrees are those that:

o (Kummer [Kum96| ) contain c.e. sets of infinitely often mazimal Kolmogorov

complexz't.

e (Barmpalias, Downey and McInerney [BDMI5|) have integer valued ran-
doms.

e (Downey and Greenberg [DGOS8]) have reals of effective packing dimension
1.

Moreover, (Cholak et al. [CCDHO1]) the array noncomputable c.e. degrees form
an invariant class for the lattice of 119 classes via the thin perfect classes.

Having illustrated the importance of the array noncomputable sets and degrees,
we now come back to our goal. For this purpose, we have to consider array non-
computable sets and their wtt-degrees (not their Turing degrees as in the examples
above). We use a characterization of the a.n.c. wtt-degrees in terms of multiple
permitting which is closer to the original definition of the computably enumerable
a.n.c. set in [DJS90] than the non-domination characterization given above. Mul-
tiply permitting sets have been introduced by Ambos-Spies in [AS18], and there
it is shown that the array noncomputable c.e. wtt-degrees, i.e., the wtt-degrees
which contain a computably enumerable a.n.c. set, can be characterized as those
c.e. wtt-degrees whose c.e. members are multiply permitting. For the definition of
a multiply permitting sets, recall that a very strong array (v.s.a. for short) is a
sequence F = {F}, }new of finite sets such that there exists a computable function
[+ w — w such that for all n, F;, = Dy, i.e., f(n) is the canonical index of F},,
0 < |Fy| < |Fnut1] and F, N F,, = 0 hold for all m # n. Then multiply permitting
c.e. sets are defined as follows.

Definition 7.2 ([AS18]). Let F = {Fy}new be a v.s.a., let f be a computable
function, let A be a c.e. set, and let {As}sewn be a computable enumeration of A.
Then A is F-permitting via f and {As}secw if, for any partial computable function

v,

(62) I¥nVreF, (Y(x)]l = Al fle)+1# Ay | flz)+1)

holds. A is F-permitting via f if there is a computable enumeration {As}sew
of A such that A is F-permitting via f and {As}scw; A is F-permitting if A is
F-permitting via some computable f; and A is multiply permitting if A is F-

permitting for some v.s.a. F. Finally, a c.e. wtt-degree a is multiply permitting if
there is a multiply permitting set A € a.

By [ASI8| Lemma 1], the property of being multiply permitting for a c.e. set
does not depend on the choice of the very strong array.

Lemma 7.3 ([AS1S8]). Let A be multiply permitting and let F = {Fp,}ncw be a
v.s.a. Then A is F-permitting.

Moreover, as shown in [AS1S], too, the multiple-permitting property is wtt-
invariant and the multiply permitting wtt-degrees coincide with the c.e. array non-
computable wtt-degrees.

Lemma 7.4 ([AS18]). For a c.e. wtt-degree a, the following are equivalent.

5Again7 these classes are mentioned only to demonstrate the amazing unifying power of this
class, and hence we won’t formally define them, as it would interrupt the narrative flow.
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(1) ais a.n.c.
(2) a is multiply permitting.
(3) Every c.e. set A € a is multiply permitting.

Using Lemma we can show that the following holds.
Theorem 7.5. Let A be multiply permitting. Then A is not e.u.wtt-a.c.

Proof. Suppose that A is multiply permitting. It suffices to show that, for any
given computable functions g,k : w? — {0,1} and any given computable order h
such that @, and @D hold, fails. For that, let F = {F), } e, be the unique
very strong array such that each F, is an interval such that |F,| = h(n), where
h(n) = LMJ (note that h is a computable order) and such that min(F, 1) =
max(F,) + 1 holds for all n. By Lemma we may fix a computable function f
and a computable enumeration {As}se,, of A such that A is F-permitting via f
and {As}scw, where, w.l.o.g., we may assume that f is strictly increasing.

Then we define a wtt-functional T' in stages s where, by Lemma [3:3] we may
assume that in advance we know a number d such that I’ = &4 holds. In particular,
by (6)), lims—o0 g({d,n) ,s) = 1 holds iff n € dom(I'*). In more detail, we define a
uniformly computable sequence of wtt-functionals {T'}ec,, and we declare T'A(n)
to be defined (undefined) at a stage s+ 1 only if g({e,n), s) correctly approximates
whether or not T'2(n)[s] is defined (so below, the reader may replace I' by T'. and
any occurence of d in any of the functions g and k by e). Then, by clauses [1.| and
of Lemma there exists d € w such that f’d = <i>d. Sodand I' = fd are as
desired.

Then the definition of T' is as follows, where we stick to the convention that
'4(n)[s + 1] = T'4(n)[s] holds for any n and any stage s unless otherwise stated.
Fix n in the following.

Definition of T'(n).

Stage 0. Let T4(n)[0] 1.

Stage s + 1. Let T'4(n)[s] be given. Then we destinguish between the
following two cases.

(1) If T4(n)[s] T and g((d,n),s) = 0 hold then declare T4 (n)[s + 1] J.

(2) If TA(n)[s] |, g((d,n),s) = 1, k({d,n),s) = 1 and we have that
Asi1 | flmax(F,)) +1 # A~ | f(max(F,)) + 1, where s~ is the
largest stage < s such that T'4(n)[t] | holds for all ¢ € [s™,s], then
declare T'4(n)[s + 1] 1.

By definition, I' is a Turing functional and since, by clause the use of I" on input
n is bounded by f(max(F},)), it follows that I" is indeed a wtt-functional. Moreover,
by clause we may argue that T'4 is total as we keep I'4(n)[s] 1 for any stage
s unless |[(1)| holds. However, as g({d,n), s) correctly approximates the question as
to whether or not € dom(I'*) holds, it follows that, for any stage s such that
T'4(n)[s] 1, there exists a least stage ¢ > s such that T'4(n)[t] 1 and g((d,n) ,t) = 0.
So for the least s such that Ay | f(max(F,))+1 = A | f(max(F,)) + 1 and
I'4(n)[s] |, it follows that T'*(n)[t] | for all t > s. Hence, by (9), we may fix ng € w
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such that limg_ o k({d,n),s) = 1 holds for all n > ny. Likewise, we can argue
that for any stage s such that I'4(n)[s] | there exists a least stage ¢t > s such that
I'4(n)[t] | and g((d,n),t) = 1. In particular, the clauses and always apply
alternatingly to I'4(n).

Now consider the partial computable function v : w — w which is defined as

follows. Given n, let zf < --- < J;Z(n)_l be the elements of F,. Then ¢(a?) is

defined inductively such that, for all i < iL(n) — 1, we have

(A 1‘8) = MS(P(n7S))’
b(afyy) = ps(s > P(a}) & P(n,s) & 3t € (¥(a}),5) T (n)[H] 1)),

where P(n, s) holds iff T4(n)[s] |, g((d,n),s) =1 and k((d,n),s) = 1 holds. Note
that, for all n, we have that either dom(¢)) N F,, = 0 or F,, C dom(¢)). Namely, by
definition, 1 (x}') | can only hold if ¢)(x}) | holds for all j < i and, if ¢(z') | holds
for some i < h(n) then, by (62) and since lim,_,o g((d,n), s) = 1 holds, there exists
a stage t > ¢ (z?') such tha applies at stage ¢ in the definition of T'4(n); hence,
by @, by the definition of P(n,s) and by the totality of I'4, we may infer that
Y(xf, 1) | holds. So since lim, ;o k({(d,n),s) = 1 holds for all n > nyg, it follows
that there exist infinitely many n such that ¢ (zj) J; hence, F,, C dom(t) holds.
However, for any such n, by the definition of I', it follows that, for any i < iAL(n),
there exist two stages ¥ (z}') < sp < s1 such that g({d,n),s; + 1) # g({d,n),s;)
holds for all i < 1; and, if i < h(n) then s; < Y(x}, ;) holds. So for any n > d such
that ¢ (zf) | holds the number of mind changes of g({d,n),-) after stage ¥ (zf}) is
at least

2h(n) > h({n,n)) > h({d,n)),

SO fails for any such n. However, as there are infinitely many n > d such that
P(xy) |, we conclude that fails, contrary to the choice of A. This completes the
proof. O

Corollary 7.6. Let A be c.e. and e.u.wtt-a.c. Then any c.e. set B which is wtt-
equivalent to A is array computable.

Proof. By Lemma [7.4] and Theorem O

8. SEPARATIONS

In the preceding sections we have given lower and upper bounds for the class
of the c.e. e.u.wtt-a.c. sets in terms of wtt-superlowness and array computabil-
ity, respectively: any wtt-superlow set is e.u.wtt-a.c. (Corollary and any c.e.
e.u.wtt-a.c. set is array computable (Corollary. We conclude our investigations
of the e.u.wtt-a.c. sets by showing that these inclusions are proper. In fact, in the
case of the second inclusion, we get a slightly stronger result by showing that there
is an array computable c.e. Turing degree which contains a c.e. set which is not
e.u.wtt-a.c.

We start with the separation of wtt-superlowness and eventually uniform wtt-
array computability on the c.e. sets.
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8.1. A c.e. e.u.wtt-a.c. set which is not wtt-superlow. In order to separate
the c.e. wtt-superlow sets from the c.e. e.u.wtt-a.c. sets, by the Characterization
Theorem [4.2] it suffices to show the following.

Theorem 8.1. There is a maximal set M which is not wtt-superlow.

In the proof of the theorem we use the following sufficient condition for a c.e. set
M to be not wtt-superlow.

Lemma 8.2. Assume that M is c.e. and there is a partial computable function
and a Turing functional U such that the following hold.

(63) If UM () | then (z) | and M (z) = TMIY@ (1) (for > 0).

(64) The domain of W™ is not w-c.a.

Then M s not wtt-superlow.

Proof of Lemma([8.9 (sketch). By there is an index e such that the domain of
UM coincides with the domain of ®M. So, for any x, € dom(¥M) iff (e, x) € MT.
By this implies that M is not w-c.a. So M is not wtt-superlow by Lemma
6.2 [l

Proof of Theorem[8.1. We construct a c.e. set M, an auxiliary partial computable
function 1, and an auxiliary Turing functional ¥ such that M is maximal and
and hold. Then, by Lemma the set M has the required properties. The
construction is in stages, and we let My, ¥s and ¥, denote the finite parts of M,
and VU, respectively, enumerated by the end of stage s. Moreover, as in other places
too, we abbreviate WM (z) by UM (z)[s].

The proof is similar to the proof of Theorem though less involved. In par-
ticular, in order to make M maximal, we use the maximal set technique based on
a priority tree introduced there. We use the notation introduced there as well as
the basic observations made there, hence assume the reader to be familiar with the
first part of the proof of Theorem discussing the maximal set strategy (up to
the Maximal Set Lemma).

The strategy to make M not wtt-superlow, i.e., the strategy to ensure that the
functional ¥ and its use function 1 satisfy conditions and locally resembles
the strategy used in the proof of Theorem [£.3] in order to ensure that A <;; M.
So ¥ and % here and the functionals and functions ¥, and v, defined there show
some fundamental similarities. Condition is split into the requirements

Re: If dom(UM) = Az lim, ge, (2, ) and ., is total then there is a
number x such that [{s: ge, (%, 8+ 1) # geo (, 8 + 1)} > e, (2).

for e > 0 where {gc}ecw is a computable numbering of the primitive recursive
functions of type w? — {0,1} and where (here and in the following) we assume
that e = (eg, e1).

The basic strategy for meeting requirement R. is as follows. We fix a number
x, called the target, which we make to witness that requirement R is met. So we
leave the definition of ¢(x) and ¥ (z) to the R -strategy. We wait for a stage sq
such that ¢, s, () is defined. (Note that if there is no such stage then x witnesses
that ¢., is not total whence Re is trivially met.) Once we see stage sg, we pick
@e, (¥) + 1 many numbers y,, (2) < Yo, (2)-1 < ~-+ < Yo not yet in M, called
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followers, and let the ﬁe—strategy decide which of these numbers are enumerated
into M. Moreover, we let the use 1(z) of ¥ on x be a strict upper bound on the
followers, say, ¥(x) = yo+ 1, declare the strategy to be saturated and let the attack
reach its final phase where we guarantee that either g., does not approximate W
on z or the number of mind changes of the approximation exceeds the allowed
bound ¢, (z). Note that when we start this phase, say, at stage s;, then U1 ()
is still undefined and none of the followers is in M,,. Now at stage s+1 > s; act as
follows. If UM () 1 and g, (z,s + 1) = 0 then make UM:+1(z) be defined thereby
making the approximation incorrect at stage s+ 1. Note that this does not require
to change the oracle. If WM (z) | and g.,(z,s+ 1) =1 and

(65) {E <55 geo (2,0 4+ 1) 7 geo (2, 8)}] < e, (2)

then enumerate the greatest follower into M at stage s + 1 that has not been
enumerated into M previously. This allows to make ¥Ms+1(z) to be undefined
(thereby making the approximation incorrect at stage s + 1).

Note that this procedure ensures that the approximation g., of ¥ is incorrect
on z unless g., changes its mind on x after stage s; more than ¢,, (x) times, whence
7%6 is met. Namely, if the approximation is correct, then, by using ., (z) of the
followers we may force the approximation to change 1+ 2- ¢, (z) times by making
the computation of ¥ on x alternatingly defined and undefined when the current
approximation is correct where the first switch is from undefined to defined and
where only a switch from defined to undefined requires to change the current oracle
below its use by enumerating a follower into M. So, in fact, the least follower will
never be enumerated into M, a fact which will be utilized in the maximal set part
of the construction (in particular, it will allow us to argue that M is infinite).

In order to make this strategy compatible with the maximal set strategy, for any
node « of length e there will be a strategy Ra for meeting requirement R.. This
strategy, which is based on the guess that « is on the true path, may act only if «
is accessible and it picks only followers which have current e-state < a. Moreover,
it picks followers one-by-one. We will argue that, for the node « of length e on the
true path, these modifications will not undermine the basic strategy. In particular
for such a where ¢, is defined on the target x, the strategy eventually will become
saturated.

Having explained the underlying ideas we can now give the formal construction
of M and the auxiliary functional ¥ and function . If a strategy R is initialized
at stage s + 1 then its target (if any) and followers (if any) are cancelled and the
strategy is declared to be not saturated. Stage 0 is vacuous, i.e., My = 0, ¥ (x) 1
and ¢o(x) 1 for all numbers x, and all strategies R, are initialized.

Stage s + 1. A strategy R requires attention at stage s + 1 if o C 8, and

one of the following holds where e = |a/.

(a) No target is assigned to R, at the end of stage s.

(b) Target x is assigned to R, at the end of stage s, @, .s(z) |, and R
is not saturated at the end of stage s. Moreover, for the greatest
number y such that y = z or y is a follower of R, at the end of stage
s, there is a number y’ such that y < v’ < s, y’ is greater than any
follower of any higher priority strategy Ro at the end of stage s, and
Y € Uiarjar=ja and ar<pa} Vor,s (Le, ¥ & My and o(la, v, s) < a).
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(¢) Rq is saturated at the end of stage s, z is the target of Ry at the end
of stage s and one of the following holds.
(A) UMs(z) 1 and ge,(z,5+1) = 0.
(B) UMs(2) |, gey (7,8 +1) =1, holds, and there is a follower y
of Ry at the end of stage s such that y & M,.

Fix the least o (if any) such that R, requires attention. Declare that
Rq receives attention and is active at stage s+ 1, and perform the following
action according to the case via which R Tequires attention.

(a) Assign s + 1 as target to R.

(b) Appoint the least 3’ as in (b) as follower of R,. Moreover, if there are
@e, () + 1 followers of R, then let ¢,(z) = ¢/ + 1 and declare R, to
be saturated.

(¢) If (A) holds then let \Ili\ffl (z) = 0. If (B) holds then enumerate the
greatest follower y of R such that y & M, into M and let \I/i\ifl (z) 1.

In case of (b) or (c), initialize all lower priority strategies R (a < ) and
enumerate all numbers z < s such that z € M, and z is not a follower of
any strategy 7@5/ with 8’ < « at stage s + 1 into M.

If no strategy Ra requires attention then do nothing.

This completes the construction. In the remainder of the proof we show that the
set M has the required properties. This proof uses that the Infinity Lemma and
the Maximal Set Lemma hold which were established in the proof of Theorem [.3]
already.

Now, first note that the construction is effective and {Mjs}se,, is a computable
enumeration of M. So M is c.e. Similarly, ¢ is a partial computable function
and ¥ is a Turing functional with computable enumerations {1 }scw and {¥s}scw,
respectively. Moreover, holds. (Namely, assume that \I/ﬁf Y(z) #£ UMs(x) |

for some number = and stage s. Then there is a saturated strategy Ra such that
R, has target x and an R,-follower y is enumerated into M at stage s+ 1. Since,
by construction, y < ¥ (z) |, it follows that Myq1 [ ¥(z) # My | ¥(x). Obviously

this implies 2

So it only remains to show that M is infinite and, for any o © TP, M C* V, (by
the Maximal Set Lemma this implies that M is maximal) and that the requirements
Re are met. For this sake we prove a series of claims.

Claim 1. For any number y and any stage s there is at most one node o such
that y is an Ra -follower at the end of stage s. Moreover, if y is an Ra -follower at
the end of stage s then |a| <y < s, o(|al,y) < o(la|,y,s) < |a|, and y is greater
than any follower of any higher priority strategy 7%5 (B <r a) at the end of stage s.
Finally if y is ﬁa—follower at stages s < s’ then Re is not initialized at any stage
" such that s' < s" < s’ (hence y is Rq-follower at any such stage s").

Proof. By a straightforward induction on s. For the proof of the final part note
that if R, is initialized at a stage s” then any follower y appointed after stage s”
will correspond to a target appointed after this stage whence y > s”. (]

Claim 2. Assume that y is the least follower of Ra at stage s. Then y Z M.
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Proof. For a contradiction assume that y € M, and let ¢, +1 < s be the stage at
which y is enumerated into M. Let s, +1 < s be the stage at which y is appointed
and let = be the target of Ra at stage s,. Then R is neither initialized at stage
sy nor at any stage s’ + 1 with s, +1 < s’ +1 < s. Hence, for any such stage ¢,
y follows R at stage s’ + 1 and z is the target of Ry at stage s'. It follows that
y can be enumerated into M at such a stage s’ + 1 only by action of R whence
R, has to be saturated at stage t,. So we may pick the unique stage s; such that
sy+1< 5; +1<ty+1and R., becomes saturated at stage s’y +1. Then @, & ()

and there are @,, (x)+1 followers of R, at stage sy+1,say, yo > y1 > > Yy, (a)
where y =y, () and none of theses followers is in My, +1. Now, after stage s'y +1
followers are enumerated into M in decreasing order, and this happens only if Ra
becomes active via clause (c) in the definition of requiring attention. As observed
before this implies that g., (z, s) has to change at least once before the first follower
is enumerated into M and between the enumeration of two followers, g, (x, s) has
to change at least twice. So, for 0 < k < ¢, (), if y is enumerated into M at
stage s’ +1 < t, + 1 then

{t <" geo (@, 0+ 1) # geo (@, 1)} > 1+ 2k
holds. It follows by the choice of ¢, that

HE <ty @ geo (2,0 4+ 1) 7 geo (2, 8)} = 14 20¢, (y) > ¥, (y)-

But this implies that fails for s = t,. So R, does not require attention via
clause (c) at stage t, + 1 whence y = Yo, (z) is not enumerated into M at stage
My, contrary to the choice of 2. O

Claim 3. Any strategy Re on the true path (o« T TP) is initialized at most
finitely often, requires attention at most finitely often and has a permanent target.

Proof. Note that the strategies 7%5 are finitary, i.e., if a strategy 7@5 is not initialized
after some stage s then it will act after stage s only finitely often. So, since strategies
require attention only if they are accessible and since there are only finitely many
stages at which strategies to the left of o C TP are accessible, by a straightforward
induction on |al, there is a stage so such that no strategy 7@5 with 8 < a will be
initialized or will require attention after stage sg. Moreover, Re has a target at
stage so (since otherwise, for the first a-stage s > sq, Re will require attention via
clause (a) at stage s 4+ 1) and the target is permanent since R, is not initialized
later. |

Claim 4. Assume that M is infinite and that o © TP. Then the following hold
where |a| = e = (eg, e1).
(i) If e, is total then Ra is permanently saturated, i.e., Re becomes saturated
at some stage and is not initialized later.
(ii) Requirement R, is met.
(iii) M C* V,.

Proof. (i). Assume that ., is total. By Claim 3 fix a stage so such that 7A€a
is not initialized and does not require attention after stage sy and such that the
permanent target x of R, is defined at stage so (whence e, s,(x) is defined, too).
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Then any follower of any strategy 7@,3 with 8 < «a which is defined at any stage
s > sg is defined at stage sg hence is less than or equal to sg. It follows that 7@01
is permanently saturated at stage sg. Otherwise, by the Infinity Lemma, there is
an a-stage s > sg such that V,, s € w [ sp + 1 hence R will require attention via
clause (b) at stage s + 1 contrary to choice of sg.

(ii). For a contradiction assume that requirement R, is not met. Then the
hypotheses of the requirement are satisfied, i.e., dom(¥M) = Az.lim; g., (2, s) and
e, 1s total, but the conclusion fails, whence for all numbers x and all stages s, (65))
holds. It follows that, for any sufficiently large stage s, the strategy Ra requires
attention via clause (b) at stage s + 1 provided that s is an a-stage and R, has
a target x and a follower y at stage s where y &€ M. Since, by a C TP, there
are infinitely many a-stages it follows by part (i) of the claim and by Claim 2 that
there are infinitely many such stages s. So Ra requires attention infinitely often
contrary to Claim 3.

(iii). Obviously, there are infinitely many numbers e’ = (eg, €}) such that .
is total. So, by part (i) of the claim, there are infinitely many o’ C T'P such that
R has a permanent follower. So, by Claim 3, there are infinitely many stages s
at which a strategy Reo with o/ < « acts via clause (b) whence any number y such
that y < s and y is not a follower of a strategy Ro~ such that o/ < o or o’/ C « at
the end of stage s + 1 will be enumerated into M at stage s + 1 (unless y is in M
already). Since, by Claim 3, the strategies Ros with o/ = « have only finitely many
followers during the course of the construction, it follows that almost all numbers
y in M become a follower of a strategy Reo with o/ < « at some stage s. But, by
construction, this implies that y has e-state < « at stage s whence y € Va. [l

Claim 5. There are infinitely many stages s at which some strategy becomes
active via clause (b).

Proof. For a contradiction fix a stage sy such that no strategy becomes active via
clause (b) after stage so. Then no follower is appointed after stage so whence any
follower is < sg and there is a stage s; > sp such that no strategy acts via clause
(b) or (c) after stage s;. So, by construction, no number > s; is enumerated into
M, hence M is infinite. But, by Claim 4 (i), this implies that, for infinitely many
o T TP the strategy Ro acts via (b). Contradiction. O

Claim 6. M is infinite.

Proof. By Claim 2 it suffices to show that there are infinitely many strategies Ra
which have a permanent follower. For a contradiction assume not. Fix the node «
of lowest priority such that Re has a permanent follower. Then R is initialized
only finitely often, hence requires attention only finitely often. So we may fix a
stage so such that no strategy R with 5 < o becomes active via (b) or (c) after
stage sg. On the other hand, by Claim 5, there is a strategy 7% which becomes
active via clause (b) after stage sg. So we may fix 8 of highest priority such that
7@5 acts via (b) or (c) after stage so, say, at stage s + 1. Then a < f3, 7%5 has a
follower at stage s+ 1 and, by the minimality of 3, 7%5 is not initialized after stage
s. So the followers of 7@5 at stage s + 1 are permanent. Contradiction. O

Claim 7. M is mazximal and not wtt-superlow.
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Proof. As observed before, M is c.e. and holds. So, in order to show that M is
maximal, by the Maximal Set Lemma it suffices to show that M is infinite and, for
any e, M C* VTP[C, and, in order to show that M is not wtt-superlow, it suffices
to show that, for e > 0, requirement R. is met. But, by Claim 6 and by Claim 4
(iii) and (ii), these properties hold. O

This completes the proof of Theorem [81] O
Corollary 8.3. There is an e.u.wtt-a.c. c.e. set which is not wtt-superlow.
Proof. By Theorems [£.2] and [B.1] O

8.2. Separating eventually uniform wtt-array computability from array
computability. In this subsection we show that there is an array computable
Turing degree which contains a c.e. set which is not e.u.wtt-a.c. By the Character-
ization Theorem it suffices to prove the following theorem.

Theorem 8.4. There is a c.e. set A such that the Turing degree of A is array
computable and such that A is not wtt-reducible to any mazximal set.

Before proving the theorem, let us first describe the basic strategy for building
a c.e. set which is not wtt-reducible to any maximal set.

A c.e. set A such that A is not wtt-reducible to any maximal set can be defined
in stages s as follows (where A, denotes the finite part of A enumerated by the end
of stage s and where Ay = ). It suffices to meet the requirements

P.: If A= CTDZ[I/EO then W, is not maximal.
for all numbers e = (eq, e1).

The strategy for meeting P, is based on the following observation. If F =
{F,}new Is a complete disjoint strong array of intervals (i.e., the effectively given
finite sets F,, are intervals partitioning w where min F,, 11 = (max F},) + 1) such
that

(66) I n ([We, N Fpl > 2)
holds then W, is not maximal. Namely, assuming , the c.e. set @@ defined by

(We, NEFp)U{pz € F,NW,,} it F, € We,,
F, otherwise

Qan:{

is a c.e. super set of W, satisfying W,, C*>° @) C* w hence witnesses that W, is
not maximal. On the other hand, if, for a complete disjoint strong array of intervals

{Fa}new fails then
(67) Ve n ([We, | (max F,,) + 1| < 2n).

This leads to the following idea. During the course of the construction we attempt
to define a complete disjoint strong array of intervals {F}, } e, such that, for any
n, there are 2n+ 1 numbers z, 0 < Tp,1 < -+ < Tp,2n 0 Fy, such that Ge, (T 2n) <
max F,, (and where these numbers z,, j, are reserved for the strategy to meet P.).

. £ W, . .
Now, assuming A = ®.,“° we can define such a strong array (since the assumption

implies that @, is total). Moreover, if fails, hence (@ holds then, for any n
which satisfies the inner clause of (@, we can guarantee A £ éZfeD by enumerating
(some of) the numbers z,, 0 < &p1 < -+ < Ty 2, into A. Namely, assuming that
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A= (f)z[l/eo, for almost all stages s we have that |[W,, s [ (max F,) + 1| < 2n and

As [ (max Fy,)+ 1= @Z‘f;’ [ (max Fy,) + 1. But, since @, (2n k) < max Fy,, at any

such stage s we may force an additional number y < max F), to enter W, after stage
s by enumerating x into A. Since there are less than 2n numbers y < max F), which
are not yet in W, at stage s whereas there are 2n + 1 numbers x, 5, A # cﬁf&o
must hold.

Now we are ready to prove Theorem [8.4]

Proof of Theorem[8] By a tree argument, we construct a c.e. set A with the re-
quired properties. The finite part of A enumerated by the end of stage s is denoted
by AS. Ao = @

In order to ensure that A is not wtt-reducible to any maximal set and that
deg(A) is a.c., it suffices to meet the requirements
P.: If A= <i>Z'fEO then W, is not maximal.
(where e = (e, e1)) and
N, : If &2 is total then @2 is h-c.a. for h(n) =n + 1.
respectively (for e > 0).

We call a requirement infinitary if its hypothesis is true. We need guesses which
N-requirements are infinitary. So we use the full binary tree T' = {0,1}* as the
priority tree. Then, for a node « of length > e, a(e) = 0 codes the guess that
requirement N, is infinitary.

Define the computable length function [ by
l(e,s) = max{y : V& < y (@23(x) 1)}.

Then the guess d; at which of the first s N-requirements are infinitary made at stage
s+ 1 is defined as follows. Inductively define a-stages for each node « as follows.
Each stage s > 0 is a A-stage. If s is an a-stage, then we call s a-expansionary
if [(|af,s) > I(|af,t) for all a-stages t < s, and we let s be an a0-stage if s is
a-expansionary and we let s be an al-stage if s is an a-stage but not an a0-stage.
Then 05 € T is the unique string « of length s such that s is an a-stage. Moreover,
we say that « is accessible at stage s+ 1 if a C Jg, i.e., if s is an a-stage and |af < s.

The true path f:w — {0,1} of the construction is defined by

f(n) = 0 if there are infinitely many (f | n)-expansionary stages
|11 otherwise.

Note that f is the leftmost path through T visited infinitely often, i.e., for any n,

(68) Vs (f | n < ds) and 3%s (65 [ n C f).
Moreover, since
(69) 4 total = li)m lle,s) =w

it follows that, for infinitary A, f(e) = 0.

For each node a of length e there is a strategy P, for P. which is based on the
guess .
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At stage s any strategy P, is in one of the following states: n-expanding or
n-diagonalizing for some n. If P, is n-expanding (n-diagonalizing) for some n then
we say P, is expanding (diagonalizing). The rank of P, at stage s, denoted by r¢,
is the coded pair (|a|,m) where m is the number of unfrozen intervals associated
with P, at the end of stage s. If P, is n-expanding at stage s then the intervals
FY with n’ < n are defined and P, works on defining F)¢ by first appointing the
followers xp; o < @jyy < -++ < Xy 5, one after the other and then by waiting for
Pey,s(T 2,) to be defined in order to complete the definition of .

If a strategy P, is initialized then all intervals and followers associated with it
are cancelled and the state of P, is reset to “0-expanding”. At any stage s such that
ds < a, P, is initialized (in particular all P-strategies are initialized at stage 0). In
addition P, may be initialized at stage s + 1 by the action of the acting strategy
Ps. The latter can happen only if 8 T « (note that if 8 <, « then P, is initialized
automatically since 8 T J,). If Ps acts in order to diagonalize (i.e., according to
clause (i) or (ii) below) then all P, with § C « are initialized. Otherwise, i.e., if
Pp acts in order to expand, then only those P, with 8 C « are initialized where
|| is greater than the rank of Pg.

If a strategy is initialized then it has to start all over again. In addition to
initialization there will be freezing and partial cancellation. This affects only some
of the intervals and the work on the current interval to be defined, respectively.
If an interval is frozen then it cannot be used for diagonalization later (hence its
followers cannot be enumerated into A later). Similarly all of the followers of an
interval under construction may be cancelled. In this case the construction of this
interval has to be started all over again with new followers greater than the current
stage. There are two events which may lead to freezing of an a-interval F; or
of the followers zj ; of Pu: first if a lower priority strategy Pg with a C 8 acts
by diagonalization and enumerates a number into A which is less than one of the
followers of Fp* or one of the followers zy ,, respectively; second if the current
approximation Js of the true path moves to the left of the guess at the true path
based on which the interval F¢ was (or is being) built. For the latter case we
associate each interval with such a guess. If P, is diagonalizing then it is protected
against freezing.

If a strategy P, is initialized then all intervals and followers associated with it
are cancelled and the state of P, is reset to “O-expanding”. At any stage s such
that ds < «, P, is initialized (in particular all P-strategies are initialized at stage
0). In addition P, may be initialized at stage s + 1 by the action of the acting
strategy. Finally, any interval F is associated with a guess 7. If a C §, and 05 < 7y
then F& becomes frozen at the end of stage s unless P, is n-diagonalizing (or F is
frozen already). Freezing may also be caused by the acting strategies (see below).

At the end of any stage s, initialize all strategies P, such that 5 < P,. Moreover
if P, is n-expanding and there is an unfrozen interval F¢; of P, with guess v,
such that 65 [ r¥ +1 < 72 then, for the least such n’, freeze all intervals F,
with n’ < n” <n and cancel any follower z7, ; which is defined. Similarly, if P, is
n-expanding, z7 o, ..., Ty (k > 0) are the current followers of P, of order n and
Os [ 78 +1 <6y, | T,?k, + 1 for all ¥’ < k where ¢, + 1 is the stage at which Ty g

became appointed then cancel z7, o, ...z} ;.

Then stage s + 1 is as follows.
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Requiring attention and the corresponding potential action. P, (Ja| = e)
requires attention at stage s + 1 if o C d5 and one of the following holds.

(i)

(iii)

P, is not diagonalizing and there is an unfrozen interval F;% such that

[Weyos | (max ) + 1] < 2n.

Corresponding action. For the least such n, declare that P, is n-
diagonali-zing.

Initialize all strategies Pg such that oo C 5. Moreover, for any strategy
P such that 8 T «, Pg is expanding, say, ng-expanding, and there is
an n’ < ng such that there is a follower xﬁ, p > Ty o, fix the least such

n/, freeze all intervals F%, with n’ < n” < ng (if not frozen already)
8

n
There is an n such that P, is n-diagonalizing,

AWE »S
As | Ig,Qn + 1=, 3" | ‘T?L,Qn +1,

and cancel all f-followers x,, , of order ng which are defined.

and there is a follower zj , in F \ As.

Corresponding action. Put the greatest follower zj ; € F* \ Ay into
A.

Initialize all strategies Pg such that o C 3. Moreover, for any strategy
Ps such that 8 C «a, Pg is expanding, say, ng-expanding, and there is

an n’ < ng such that there is a follower xi, k> T o, fix the least such

n/, freeze all intervals F%, with n’ < n” < ng (if not frozen already)
B

n/;,k
(i) does not hold, there is an n such that P, is n-expanding and the

follower z7, 5,, is not yet defined.

and cancel all S-followers « of order ng which are defined.

Corresponding action. For the least k such that xy, 1, is not yet defined
let T, =s+1L Declare that Ty becomes associated with P, as
(n-)follower (of order k).

Initialize all strategies Pg such that o C 8 and |5]| > r¢.
(i) does not hold, there is an n such that P, is n-expanding, the

follower z7; 5, is defined and ¢, s(5,,) is defined as well.

Corresponding action. Let FY = [z,,s] where 9 = 0 and z, =
1+ max FY | for n > 0. Assign the guess v to F where

n
Y =min{dy, [ry +1:k < 2n}
where t; + 1 is the stage at which Ty became appointed. Declare
that P, is (n + 1)-expanding.

Initialize all strategies Pg such that o« T 5 and |5] > r¢.

Selecting the strategy which will act. If there is a strategy which requires
attention then, for any o C 05 such that P, requires attention let p% = 2|«
if & requires attention via one of the clauses (i) or (ii) and let p% = 2r&+1 if
« requires attention via clause (iii) or (iv). Then, from the strategies which
require attention, the strategy P, with minimal value p$ receives attention
and becomes active and the action corresponding to the clause according
to which P, requires attention is performed.
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VERIFICATION.

Claim 1. Assume that P, is n-diagonalizing at stage s+ 1 and not initialized after
stage s. Then P, is n-diagonalizing at all stage s’ > s+1 and P, acts only finitely
often.

Proof. By assumption and by construction, strategy P, is n-diagonalizing at all
stage s' > s + 1 and FZ[s'] = F¥[s + 1] hence xj, ,[s'] = o, ;[s + 1] for all k& < 2n.
So, after stage s, P, can act only according to clause (ii) and, whenever it acts,

one of the 2n + 1 followers x5y 4[], ..., 25 5,[s'] is enumerated into A. So this can
happen at most 2n + 1 times. ([l

Claim 2. Assume that Py becomes active infinitely often. Then
(72) lim 7{'* = w.

S
S5— 00

Proof. For a contradiction assume that the claim fails. Fix r minimal such that,
for some number e,

(73) Pyie becomes active infinitely often and 3%s (r/1¢ < r).

Fix the unique numbers e and m such that » = (e,m) (note that e < r). Then, by
the minimality of r, e is the unique number satisfying whence

(74) Ve # e (Pfres becomes active infinitely often = s (r{1¢" > r)).
Moreover,
(75) Vs (r < rf1¢) and 3%s (r = rf'e).

Since, by the definition of the true path, f | r < d5 for almost all s and since, by
the definition of the rank, rfe/ > r for all ¢/ > r and all s, by the above we may
fix a stage sp > r such that, for any s > sq, the following hold.

(76) flr<ids

<

(77) r < pfle

S

(78) V€ # e (Pyper does not become active at stage s+ 1 or rile > )

By , and , any strategy Prrer with €/ < r can be initialized after
stage so only if some strategy Py with e’ < ¢’ becomes active via clause (i) or
(ii). So, by Claim 1, it follows by a straightforward induction on €’ that there is a
stage s; > sg such that no Py with e’ < r is initialized or acts according to (i) or
(ii) after stage s;. Hence, in particular, any interval assigned to Pyj. after stage s;
is permanent. (In the following let F/¥ (n > 0) denote the permanent intervals of
Pyie if they exist.) Moreover, since Py acts infinitely often we may deduce that
Prre is expanding at all stages s > s1. So we fix ng such that Py, is ns-expanding
at stage s (s > s1). Then n, is nondecreasing in s. Moreover, if {ns : s > s1}
is bounded then, for n = max{ns : s > s1}, the followers of Py}, are cancelled
infinitely often. So (in any case) we may fix a stage ss > s; such that, for s > sg,
the least Pyp.-follower zﬁ[fo [s] of order ny at the end of stage s has been appointed
after stage s or is undefined.
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Next observe that, by the second part of and by the definition of the
rank, there are at most m permanent Pyjc-intervals which are never frozen, say,
Ffle,... Fflc wherepy < --- < pp 1 and m’ < m+1. Moreover, we may pick a
stage s3 > so such that ij"flfil is defined at stage s3. Then, for any s > s3 and for
the number n, such that P¢|. is ns-expanding at stage s, ny > pp,y—1. So, in order
to get the desired contradiction, it suffices to show that there is a stage s > s3 such
that F,{sfe becomes defined and is never frozen.

For this sake we first observe that there is a stage s such that
(79) s> sz and s is an (f | r)-stage and r = Tgfe.

The existence of such a stage is shown as follows. Since there are infinitely many
(f | r)-stages and infinitely many stages s such that r = r/!®, we may pick two
consecutive (f | r)-stages s’ and s’ such that s3 < s’ < s’ and such that there is

a stage t € [s', s”] such that » = r{'®. Fix the least such t. We claim that r = rz,re
fle

s

or r =7,° (or both). For a contradiction assume not. Then s’ < ¢ < s” and

(80) T{Fe < rfl® and T{Fe < rlle.

S/ S//
Now, by the second part of (80]), there must be an interval ¢ with n > n, which
is defined and not frozen at stage s”. On the other hand, by the first part of ,
some (f [ n)-interval becomes frozen at stage ¢t whence, by the freezing process, all

(f | e)-followers of order n; are cancelled at stage ¢. So all of the followers xflr,f

in Ff1¢ are appointed at stages ¢’ with ¢t < ¢ < s”. Since, for any such stage t',
f I r<gpéy | ritfollows that f [ » <y 7' for the guess v/® associated with
F/1e. Since, by the choice of s”, f | 7 C 84 | rf,[e, it follows that Ff'¢ becomes
frozen at stage s’ contrary to choice of this interval. This completes the proof of
([79)-

Now fix a stage s as in (79). It suffices to show that /!¢ becomes defined and
is never frozen. Fix & > 0 maximal such that xfirekfl is defined at stage s. Note
that, by s > sg, Psje becomes active at any stage s’ +1 > s + 1 such that s’ is
an (f | e)-stage and r = 7{)6. Now, first assume that & < 2ns + 1. Then, at
stage s + 1, a:flrek = s becomes appointed and all strategies P, with f [ r < « are
initialized. Since, by the choice of s1, no strategy P, with @ < f | r enumerates
any number into A after stage si, it follows that no number < s will enter A after
stage s. So, in particular, if k + 1 < 2ny + 1 and &' is the least (f | e)-stage > s
then r = rye (note that the rank of Py, can grow only if a new (f | e)-interval
becomes assigned and that the latter can happen only at (f | e)-accessible stages)
and the next follower xfjek 41 = s’ becomes appointed at stage s’ + 1. Moreover,

again, all strategies P, with f [ r < « are initialized whence no number < xﬂek 41

may enter A after stage s’. It follows by induction that there is an f [ r-stage
s" > s such that 27'%, = " becomes appointed at stage s” + 1 and no number

Ns,2N
< x,fz[e% enters A after stage s”. Since Py acts infinitely often, it follows that
at the next stage where the strategy acts, F,J:S[e becomes defined. Moreover, since

252% will enter A later, F!® will not be frozen by the action of

any strategy. Finally, since xirek 41 became appointed at an (f [ r)-accessible stage

no number < x

s+ 1 where r = rf1¢, it follows that F,{Je is associated with the guess v/!¢ = f | r

Ns
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whence F/!® will no be frozen at all. This completes the proof that F/I¢ becomes
defined and is never frozen in the case of k < 2ng + 1.

If kK = 2ns + 1 then the argument is similar. Consider the stage t +1 < s + 1
at which xffe% becomes defined. Since xire% does not become cancelled by the
end of stage s, as in the proof of we may argue that ¢ is an (f | r)-stage and
r= rtfre. So all strategies P, with f [ r < « are initialized at stage t + 1. So, as in
the first case, we may argue that no number < xﬁizns will be put into A after stage

t, that FJI¢ eventually becomes defined, and that F;¢ will never be frozen. O
Claim 3. Pyye is initialized at most finitely often.

Proof. The proof is by induction on e. Fix e. Since f | e < §, for all sufficiently
large s, by the inductive hypothesis we may fix a stage so > e such that no strategy
Prrer with €’ < e is initialized after stage so and such f [ e < J, for all s > sq.
Moreover, w.l.o.g. we may assume that no strategy P with ¢’ < e acts after
stage so unless it acts infinitely often. So, by Claim 1, Py, will be initialized at
a stage s + 1 > so only if a strategy Py with e/ < e acts via clause (iii) or (iv)
at this stage and rf le" < e. Since Pyrer must be a strategy which can act infinitely
often, it follows by Claim 2 that this can happen only finitely often. O

Claim 4. Assume that Pgie acts infinitely often. Then P is met.

Proof. By Claim 3 let so be the greatest stage at which Py, is initialized. Then,
at the end of stage sg, no interval is associated with P and Py waits for 0-
expansion. Moreover, any interval which becomes associated with Py after stage
so is permanent. So let Ff'¢ be the nth interval permanently associated with Prre
(if defined). Since, by assumption and by Claim 2,

i fle —
(81) Shj& ) w

and since intervals become associated in order of their indices, it follows that F;Ie
is defined for all n and, by construction, {Fgre}n@ is a complete disjoint strong
array of intervals.

So, as pointed out in the description of the basic strategy for building a c.e. set
which is not wtt-reducible to any maximal set given after the statement of Theorem
in order to show that P, is met it suffices to show that (67) fails for F,, = /!¢,
i.e., that

(82) 3% n ([We, | (max FS1e) + 1| > 2n)
holds. We do this by showing that there are infinitely many permanent intervals

which are never frozen and that any such interval satisfies the inner clause of (82):

(83) 3% n (FS'¢ is never frozen)

(84) If F/1¢ is never frozen then [W,, | (max FJ/'¢) + 1| > 2n.

For a proof of , for a contradiction, assume that there are only finitely many
permanent (f | e)-intervals which are never frozen, say, F,{Je, R Fgﬂfil where
ng < -+ < Ny_q and let 7 = (e,m). We will show that liminf, . rfl® < r
contrary to (8I). For given s it suffices to find a stage s” > s such that rf,[e =r.
Fix s’ > s minimal such that the intervals Fgofe, R FT{TL: are defined at stage s’
and let s” be the least stage > s’ such that the interval with least index n which



THE COMPUTATIONAL POWER OF MAXIMAL SETS 59

eventually becomes frozen after stage s’ becomes frozen at stage s”. Then, by
construction, for any n’ > n such that Ff;,re is defined at stage s”, FT{,re becomes
frozen at stage s”, too (unless FT{,TE had been frozen before already). Hence the
only intervals which exist at stage s” and are not frozen are the intervals F,{Ofe, ceey

Ffle . So rﬂe = (e, m) = r, which completes the proof of (83).

It remains to show (84). For a contradiction assume that FJf'¢ is never frozen
and |W,, | (max F/!¢) + 1| < 2n. By Claims 1, 2 and 3 we may fix a stage ¢ such
that, for ¢ < e, P is not initialized after stage ¢, P., does not act via clause (i)
or (i) after stage ¢, and - if P, acts infinitely often - then, for any s > ¢, P, is
expanding at stage s and rép e’ > e. Since, by assumption, P, acts infinitely often,
it follows that P, is expanding at all stages > ¢ and does not require attention
via clause (i) after stage t (since, otherwise, it would become active via clause (i)
contrary to choice of t). On the other hand, by the choice of n, for all sufficiently
large stages s, Fif!° is defined and unfrozen at stage s and holds. So P, requires
attention via clause (i) at almost all stages s > t. A contradiction. This completes
the proof of and the proof of Claim 4. O

Claim 5. P, is met.

Proof. W.l.o.g. we may assume that A = @Z‘fo (whence, in particular, @, is total).
By Claim 4 it suffices to show that P, acts infinitely often. For a contradiction
assume that this is not the case. Then we may fix a stage sop > e such that Py, does
not act after stage so and such that the intervals associated with Py, at the end of
stage so - say, F§ ', ..., F/'° (n > 0) - are permanent, and such that the intervals
associated with Py, which are not frozen at stage sy - say, F,{Je, ceey F,{ﬂ[il (where
ng < ...nm—1 <n—1and m <n) - do not become frozen later, and such that the

followers of order n associated with Py, at the end of stage sq - say, xifg, . ,xfj’i_l

(0 < k <2n+1) - are not cancelled later. Note that this implies that r = r{I¢ for
all s > so where r = rfl°.

Now, by Claims 1, 2 and 3, fix an (f [ e)-stage s1 > so such that no strategy
Psrer with €’ < e is initialized after stage s — 1, no strategy Py with ¢’ < e acts
via clause (i) or (ii) after stage s1, and, for any €’ < e such that Py acts after
stage si, rsﬁe/ > r for all s > s;. Moreover, by A = @Z‘:“" and by the totality of
Pe,, W.l.o.g. we may assume that

A1+ maxF/1 = A, [ 1+ maxF/1¢ = &0t 114 maxF/'e
(provided that n > 0) and @, s, (miqu) 1 (provided that k = 2n + 1).

Note that s; is chosen so that Py, will become active at any stage s + 1 > s;
at which it requires attention. So, by so < s1, Prre will not require attention after
stage si.

Now, in order to get the desired contradiction, we distinguish the following two
cases depending of the state of P, at stage s;.

Case 1: Py, is diagonalizing at stage s1. Fix ¢t < s; maximal such that Py, is

not diagonalizing at stage ¢. Then Py acts via clause (i) at stage ¢ + 1 and it
becomes n'-diagonalizing for some n’ at this stage. Moreover, by the maximality of
t, Pyie is not initialized after stage ¢, hence is n’-diagonalizing at all stages s > ¢, the
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interval Fﬂe[t] is permanent and so are the 2n’ + 1-followers a:fl/rfo [t],-.. ,xf;,r o [1]-
Moreover, by construction, none of these followers is in A;y; and

(85) [Weoi | (max F/Je[8]) + 1) < 20/

It follows by A @z‘:"‘o that at any sufficiently large (f | e)-stage s such that there
is a follower z7 o k[ t] left which has not yet been enumerated into A, Py, will require
attention accordlng to clause (ii). Since, by the choice of s1, Psje does not require
attention after stage si, there must be stages stages t < ton < topr—1 < -+ < to
such that Py. acts according to clause (ii) at stage tk/ —|—1 and the follovver xﬁ[ek, [t]

is enumerated into A at stage tir + 1. So, Atk,+1( e k,[ D) # Atk/( e k, [t]). By
condition in (ii) this implies

s Weg . t,, s Weg,t,
@el,fkfk (m'{‘],/rfk:/ [t]) # ¢61,t0k/i1 ! (‘rrfz[fk/ [ﬂ)

where both sides are deﬁned (and where t_; is the least stage s > ty such that
2 Weg,s We . A

eyt T gl g lt] +1 = 00" [ 2 e [f] +1). Since pe, ()7 [f]) < max B[]
for all &' < 2n/, this implies that 2n’ 4+ 1 numbers < max Ff:, [t] have to enter W,
after stage t. But this contradicts (85]).

Case 2: Py, is expanding at stage s;. Since Py, neither acts nor is initialized
after stage so and since sy < s1, it follows that Py, is n-expanding at all stages
s > s1. Moreover, for any such stage s, xfl’rg, e xifz_l are the followers of order n
associated with Py. at stage s. In order to get the desired contradiction, it suffices
to show that Py, requires attention after stage s;. This is done by distinguishing
the following two cases. If k& < 2n+1 then Py . requires attention via clause (iii) at
the first stage s4+1 > s; at which Py, is accessible. If £ = 2n+1 then Py}, requires
attention via clause (iv) at the first stage s +1 > s; at which Py is accessible

and at which gbel’s(acsz_l) is defined. Note that, by A = @E{“", such a stage must
exist. This completes the proof of Case 2 and the proof of Claim 5. g

Claim 6. N, is met.

Proof. W.l.o.g. assume that ® is total. It suffices to define a computable function
g such that, for any n > 0,

(86) Jim g(n,k) = @ (n) & |{k: g(n. k+1) # g(n. k)} < n+ 1.

By assumption, f(e) =0. So a C f for a = (f | €)0. Pick the least a-stage sg such
that

(87) Vs> s (o< 6)
and
(88) V B C a (Pg does not act via clause (i) or (ii) after stage s¢),

and let sp < s1 < s2 < ... be the a-stages > so. Then, for n < m, l(e, s;m) > n
hence @égj’; (n) | (hence gofs”‘ (n) |). Hence if we let

As )
g(n, k) = (I)e,s:ﬁlﬂl;c (n)
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then g is total and computable and limy_,, g(n,k) = ®4(n). So, for a proof of
, it suffices to show that

Asn A‘Sn
(89) |{k : A5n+1+k+1 r Pe A (n) 7é Asn+1+k r Pe A (n)}| S n + L.

For a proof of we first show by induction on n that, for any n, there exist at
most n followers at the end of stage s, which may enter A later whence

(90) I(ATsn+1\(As, [sn+1)[<n

(since followers appointed after stage s, are greater than s, ). For n = 0 the claim
is obvious if s = 0. So w.l.o.g. assume that sq > 0. Since, by the choice of sy no
strategy Pg with S < o enumerates a follower into A after stage s, it suffices to
show that no strategy P, with oo < «y has a follower at the end of stage sg. If v <p, 7y
then this is obvious since P, becomes initialized at the a-stage sg. So assume that
a C v. Fix the greatest a-stage s < so. By the minimality of sq, or fails
for s in place of sg. So P, is initalized at stage s or stage s + 1, respectively, and
P, does not act at stage s + 1. So P, does not have a follower at the end of stage
s+ 1. Since s is the greatest a-stage < so and P, may act only at stages where
o is accessible, P, does not have any follower at the end of stage sg, either. This
completes the proof of the case n = 0. For the inductive step assume that n > 0
and that there are at most n — 1 followers at the end of stage s,,_1 which may enter
A later. Since at stage s,_1 + 1 at most one new follower is appointed and since
any follower appointed at a stage s 4+ 1 such that s,_1 +1 < s+ 1 < s, has to be
appointed to a strategy P, with o <z, v hence will be initalized at the end of stage
S0, the claim for n follows immediately.

Now, by 7 for a proof of it suffices to show that, for any k£ > 0, such
that

A A

(9) Aspirinn | Pe R () #£ Aspiipn [ pe LR ()
we have
92) As"“*"“ [ Sn1+17# Asn+1+k [ Sny1 + 1.

For a contradiction assume that the latter is not true. Fix k minimal such that
holds but fails, and fix # minimal such that z € A, , .., \ 4 Then

Sn4+1+k"
A5n+1+k,
Sn+1 < T < Pe (n) < spy1vk-
Next fix § such that x is a Pg-follower, say, z = xﬁl,p. Note that, by the choice
of sg, a < B. In fact, since at stage s,yi14r all strategies P, with o <y v are
initialized, o T B. So Pg may act only at stages where « is accessible, hence z is

enumerated into A at stage $,114+%+1 and (since 41 < & < Spy14k) there is some
k' < k such that = :z:fnyp = Sp+1+k + 1 becomes appointed as Pg-follower at stage

As ’ .
Sn+1+k + 1. Since, by the latter, p. "*'™ (n) < x whereas, by the choice of z,

x < cpfs"“““ (n) it follows that there must be a number k" such that ¥’ < k" < k
and holds for k" in place of k whence, by the minimality of &, holds for
k" in place of k, too. So fix ' < s,41 and s such that s, 1160 < 8 < Spap1prr
and x’ is enumerated into A at stage s + 1, and let Pz be the strategy which
enumerates =’ into A at stage s+ 1. Now, in order to get the desired contradiction,
consider the relation between S and . Since the Pg-follower x exists at stage s
and is enumerated into A after stage s+ 1, Pg is not initialized at stage s +1 and x
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neither becomes frozen nor becomes cancelled at stage s+ 1. By the former, 5 < §'.
First assume S < §’. Then Ps has to be m-diagonalizing at stage s since 2’ < x
and z = 2, p 1s neither frozen nor cancelled at stage s + 1. So we may fix the
greatest stage t +1 < s at which Pg acts according to clause (i) (thereby becoming
m-diagonalizing at stage ¢t 4+ 1) then Bg becomes initialized at stage t + 1. Since,
by the maximality of ¢t 4 1, = is a Pg-follower at stage ¢ + 1 hence x < ¢+ 1. Since
z' < x it follows that z’ becomes cancelled at stage ¢t + 1, a contradiction. This
leaves the case that 5/ = 3. Then x and z" are Pg-followers at stage s,,411% hence
both associated with the same interval F/2. But, by construction, such followers
are enumerated in decreasing order. So, by 2z’ < x,  had to be enumerated first
contrary to choice of x and z’. So this case is impossible, too. Hence implies
, which completes the proof of and the proof of Claim 6. O

By Claims 5 and 6 all requirements are met. This completes the proof of the
theorem. (]

Corollary 8.5. There is an array computable c.e. Turing degree a which contains a
computably enumerable set which is not eventually uniformly wtt-array computable.

Proof. By the Characterization Theorem [£.2] and Theorem O

9. QUESTIONS AND COMMENTS

Having introduced some new classification tools including a hierarchy of bounded
lowness notions, we have an infinite number of questions we might ask. We mention
a couple.

One separation we have not yet succeeded in finding is a Turing degree containing
an e.u.wtt-a.c. c.e. set which does not contain a wtt-superlow set. There likely
should be a domination/non-domination property corresponding to this question.
What is it?

Some of the notions considered in this paper — like witt-superlowness and wtt-
jump traceability — are the wtt-analogs of notions previously defined for Turing
reducibility. The reader should note that the analogous game can be played from
the wtt-structures back to the Turing degrees. In particular, we may consider the
Turing analog of the notion which turned out to be central for our investigations,
namely, eventually uniform wtt-array computability.

Definition 9.1. A set A is eventually uniformly array computable if there exist
computable functions g,k : w* — {0,1} and a computable order h such that, for all
e? x?

(93) Al(w) = lim g(x,s),

(94) k(z,s) < k(z,s+1),

(95) k(z,s) =1= [{t >s:g(z,t+1) #g(z,t)}| < h(z),
(96) Ve (@2 total = Yz 3s (k((e,z),s) = 1))

(where A’ is the general halting set for A, ie., A’ = {{e,x) : ®2(x) |}).

This notion and similar ones seem to yield classes of degrees of complexity dif-
ferent than any seen before. They appear worth investigating.
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