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Abstract
Downey, R. and M. Stob, Friedberg splittings of recursively enumerable sets, Annals of Pure
and Applied Logic 5% (1993) 175-199.

A splitting A, LA, =A of an r.e. set A is called a Friedberg splitting if for any r.e. set W with
W—Anotre., W—A;#p for i=1, 2. In an earlier paper, the authors investigated Friedberg
splittings of maximal sets and showed that they formed an orbit with very interesting
degree-theoretical properties. In the present paper we continue our investigations, this time
analyzing Friedberg splittings and in particular their orbits and degrees for various classes of
r.e. sets.

1. Introduction

Since its beginnings in Gddel’s incompleteness theorem, a fundamental issue in
recursion theory is to understand the relationship between algebraic and
computational complexity. This is, of course, particularly true in applications of
recursion theory such as the word problem (Boone [1], Miller [18], Higman’s
embedding theorem (Higman [13]), Hilbert’s tenth problem (Davis et al. [3],
Matijasevic [16]) and degrees of structures (e.g. Feiner [8], Frolich and
Shepherdson [9], Metakides and Nerode [17]).

It is therefore not surprising that two of the basic structures of classical
recursion theory are &, the lattice of recursively enumerable (r.e.) sets (and €*
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Friedberg splittings of r.e. sets 177

Harrington and Soare [12] have recently announced that (1.1) fails to hold.
Nevertheless, the analysis above remains valid for some classes of sets. Call a set
A balf-P if there is a splitting A, LI A, = A such that 4, has property P. We know
that there is a complete hemimaximal set, so we conclude that all halfhemimaxi-
mal sets are automorphic with complete sets. Using this fact, we showed in [5]
that all low, simple, all simple sets with semilow; s complements, and all d-simple
sets with maximal supersets are automorphic with complete sets.

Our starting points for the present paper were the following: we noticed that all
splittings of a maximal set are Friedberg (f-)splittings. This lead to the following
conjecture [24, Ch. XVI, Question 1.13].

(1.2) Conjecture. All Friedberg splittings of (simple) sets are automorphic.

Furthermore, we noticed that Friedberg’s [10] original proof of his splitting
theorem actually satisfies the following

(W, NA)=w > W, \A %0

1.3
(1-3) where W, NA={z: (At)(zeW,,—A, and zeA)}.

Now (1.3) is very reminiscent of the extension theorem of Soare [22], the main
tool for constructing automorphisms. We shall call a splitting A;L1A;=A
satisfying (1.3) a true Friedberg splitting (t-split). Remember that the usual
approach to building automorphisms of €* is to have 2 copies of @ and 2
enumerations of r.e. sets {W.}.co and {V.}.cor SO suppose we had t-splits
A LA, =A= mHEwn. We wish to map A; to B;. For each W, we build W, and
for each V, we build V, to get the correspondence:

W,—-W, V.<V., A—B,, A,—>B,

We do so in such a way that the automorphism can be assembled by a
back-and-forth argument. Certain obvious conditions must be met. If W,NA,="0
we must ensure that W, N B, =*@ or we lose directly. Our troubles stem from the
fact that all of the sets are in a state of formation. Hence we cannot know if
W, N A, =9 even though perhaps (3"s){(W,,N A, ;% 0). We must build W,, and
are faced with the following ?oc_mB. Suppose some z enters W, — A,. Should
we respond by putting some Z in W.,— A;? A good candidate here is z itself.
Now if we don’t do this we run the risk that |W, N Aj =« yet |W, N Bl-< . If we
do put (say) z into W, then while z later enters A, it may also enter B, (not B,).
In this way we could get W, c A; yet W, = B, so W,N B, =@. In this dynamic
approach, clearly for one 1.e. set W, we can avoid this problem by (1.3).

As we will see, in fact, (1.3) is not enough. We will, however, define a ‘state’
notion of (1.3) and with this a new notion of splitting (an e-Friedberg splitting or
e-splitting) and show

(1.4) Theorem. e-splittings of an r.e. set A are automorphic.
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Friedberg splittings of r.e. sels 179

e-splitting is one that satisfies
1N A= 2 |\ A4y =

(for some enumeration of the r.e. sets).
As our first result we prove

(2.2) Theorem. If A;|1A,=B;LIB,=A are two e-splittings of A, then there is
an effective automorphism ® of €* with ®(A,) = A,.

Proof. This follows by the version of the extension lemma given in [3].
Specifically, we recall that if {X,}.co, {Y.}eew are recursive arrays of r.e. sets,
then the e-state v(x) of x with respect to these arrays is triple {e, o, ) where gis
the e-state of x with respect to {X.}.., and 7 with respect to {¥.}.co. Also,
v s(x) is the approximation to v(x) at stage s.

Given full e-states v={¢, 0, 7) and v'=(e, o', 7"), v=sv' if oc o’ and
12 t'. (The relation < is pronounced ‘is covered by’.)

Suppose that a simultancous enumeration of the r.e. sets A and {U,}.,, is
given. For an e-state v measured with respect to {U,}..,, we define the sets

YN A= {x | @s)x € Ays A vie, x, 5)=v]).

Then in [5], the authors established the following lemma.

(2.3) Lemma. Let A and B be infinite r.e. sets and A,, A, and B,, B, form
splittings of A and B respectively. Suppose that {U,}news (Vitnewr {Unlncos
{Vilnew are recursive arrays of r.e. sets and that there is a simultaneous
enumeration of a recursive array including all the above such that A, \V, =0 =

o~

B; N U, for all n and i. Furthermore, suppose that for each i,i =1, 2,

(YV)[v N\ B; infinite = (QAv')[v<v' A v\ A4 infinite]]
and
(YV){v NG A infinite = (3v)[v < v A v\, B; infinite]).

Then there are r.e. sets U, extending U, and V, extending V,, such that for each i
and for each full e-state v,

infinitely many elements of A; have e-state v with respect t0 {U.}.cws {V.}eco
if

infinitely many elements of B; have e-state v with respect t0 {U.}ecws {Vi}eco-

To prove (2.2) it is natural to take U,=W, and V,=W,. Then whenever x
appears in V,,— A, we put x into V,. It is then clear that the definition of
e-splitting is precisely what is needed to satisfy the hypothesis of (2.3) and hence
we can extend to an automorphism @ taking A4, to B;, [0(2.2)
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Friedberg splittings of r.e. sets 181

Along similar lines we can call a splitting A, L1 A, of a promptly simple set 4 a
prompt splitting if for all e,

W.NA|=0 o (3%, x)(xeW, s NA, )

(2.7) Theorem. (i) If A is a promptly simple set, then A1 1A, =A is a prompt
splitting iff A, 1A, = A is an e-splitting.

(ii) If A has promptly simple degree and A1 A, = A is an e-split, then both A,
and A, have promptly simple degree.

Proof. (i) (=) suppose A,LIA,=A is a prompt splitting. We need an
enumeration of the r.e. sets so that for all states 7,

(2.8) if|pN.A|= then |7\ A;=co

So for any state # (with the standard enumeration) if we see some x e n — A,
we enumerate x into a test set V,,. By the slowdown lemma [24, Ch. XIII, 1.5],
there is an index 2(n) and a set Wy, so that V, = Wy, and x enters W, at
some ¢ later than s. At this time see if x € A; (.

If [n y A| = then |W,,| = and either W), c A or |W,(,, \x A| = «, Thus,
to get (2.8), in the former case we suitably slow down the enumeration of those
W, in state n and in the latter case, we slow down the enumeration of A.

(<) Suppose that 4;L1A;=A is an e-split of A and A is promptly simple with
witness f. Further assume that f is monotone and we can assume enumerations of
I.e. sets so that at most one element enters at most one set at one stage. We will
define a function g. At stage s suppose x enters W, ;. Put x into Y, ¢+ and hence
into W, for some t>s. If x has entered no W;, for some s<u=<tand j+#e
with j <s, define g(s) = f(¢). Otherwise if x enters W, put x similarly into ¥}, and
hence into W, some ; >¢. Now we either define g(s) = f(¢,) or we continue
with another Y,.

We claim that g witnesses that A;L1A, is a prompt splitting. So suppose that
|W, N A| = . Hence there exist infinitely many x, s such that x € W, .., N Az,
Suppose that [W, A = yet W, ., N A, g, =0. Then all those x € W, ., N Ay,
which enter A by stage g(s) must enter A, and not A;. By construction, all those
remaining elements are lifted into a higher m-state by W,,). It follows that for
some m-state 7, while |9 y,A| =, we have |n . A;| =@; namely for some 7
with n(k(e)) =0. ‘

(ii) This is similar to (i) (<). Thus suppose A = A; L1 A, is an e-splitting of a set
of promptly simple degree. Thus, there is a recursive function f such that

_S\m_ = oo@ Ams ] MVAH € ﬂ\a.mg and \p_”u& «w\ﬁ%@u_ﬂkh_v.

(See [24, Ch X111, 1.6].)
Now for each e we shall build two r.e. sets X, = W, and Y, = Wy,. Initially
X, o=0. For the first attack, we had a number x, , that occurs in W, ., and put

+50,0
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Friedberg splittings of r.e. sets 183

Meeting N, ,. Wait till we see some y e n,\A4,, with y> ({e¢, i) +1, (e, i) +1,
(e,i)+1). (This is chosen so that we will not use up a block {j+1,
x,0), ..., {(j+1,x,x) by priorities.) We declare y to follow N, ., and deny it
from lower priority requirements. This means y is not available for coding and is
why the z in the coding strategy is used. Whilst N, , is not yet met, we wish to
pick more followers of N, ,. The next y,>y to follow N, , will be chosen with
y€n and y; >max{{j, x, 2}, s} for all z<x if y=(j, x, 2} and 2 <x. Note that
this gives y <y, <y,<--- and each N, , takes at most one element per block.

We then finish by waiting for a stage u where W, permits y, at u. We can then
enumerate such a y, into C,. (All other entries into A must enter D,). Note that
there is no conflict between N, , and N;, but only between N, , and N, , and
between N, , and the coding strategy. It is easy that a gentle finite injury
argument will do the rest.

(ii)) To prove (ii), we additionally meet

R,: Either W, is promptly simple via ¢, or there exists an enumeration of the
re. sets and C,lUD,=A such that (Vi)(N,, and N,,) where now
New=I0N.Al=% > |n\,C,|#0 and N, , similarly.

Remember we get to control the enumerations of the r.e. sets for each e. Now
the strategy for N, , works as follows. We wait till some y occurs in n, — A, and
then use @, to decide if W, ‘promptly permits’ y. Specifically we enumerate y into
some test set V, = Wy, and await the stage ¢ where y occurs in W), ... For this
process at stage s as above y is declared to be inaccessible to the other
requirements until we see if W, promptly permits y by stage ¢.(¢).

The reader should keep in mind that the states that the N, , for e fixed work
with are controlled by ¢.(¢f). That is, for all stages u with s<u=<p where
@.,,(t)| and ¢t least, we allow no enumeration into any W,. Hence for e fixed, the
N.n and Zﬁ work with sets W}, based on the belief that g, is total. It is clear that
if @, really is not total then we do not need R, anyway. If ¢, is not total, then a
stage p as above will occur and hence we can restart the enumerations of the r.e.
sets. In this way it can be seen that, with this enumeration, we win all the N, ,,
and Zﬁ if @, really witnesses the prompt simplicity of W,. O

Note that since all r.e. sets can be e-split it follows that not all r.e. degrees
containing e-splits of some set are promptly simple. Nevertheless, there are a lot
of restrictions on the degrees of e-splits.

(2.11) Theorem. (VA)(Ib)(b#0 & b<deg(A) & A;LUA,=A with deg(A,)<r
b = A,LlA, is not an e-splitting of A).

Proof. Let A=, A, be a given r.e. nonrecursive set. We build B<,A by
permitting

R.: If C,LUD,=A and I(B)=C,then C,LID,is not an e-splitting.
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Friedberg splittings of r.e. sets 183

share so many properties. As Downey [4] observed, if A, 1A, =4 is an f-split of
a simple set, then (A4,, A,) form a maximal pair (that is, if W,NV, =6, W.2A4,
and V, 2 A, then |W, — A,| <« and |V, — A,] <). From this it is easy to deduce
that A, and A, are effectively nowhere simple. The reader should recall that an
r.e. set A is called nowhere simple [21] if |A| = and for ali e, if |W, —A| =
then there is an i with W,c W, — A and [W|=x. A set is called effectively
nowhere simple if the index i can be computed from one for e. One
characterization of effectively nowhere simple sets is that there is an infinite r.e.
set B such that BN A =0 and for all ¢, if |W, —A4| = then |W, N B| = (Miller
and Remmel [20]). Actually it is not difficult to see that any f-split of an r.e. set
gives nowhere simple sets.

3.1) Theorem. Suppose A, 1A, =A= B,U B, are f-splittings. Then
8!
(i) Ay and A, are nowhere simple.

(i) (with R. Shore) Further, if A, is effectively nowhere simple, then so too is
B,.

Proof. (i) Let W be an infinite r.e. set with |W — A| =, Now, if W — A is r.e.
we are done. If not, then W — A is not r.e., and hence |W N 4,| =, Thus, in
either case W has an infinite subset disjoint from A; and hence A; is nowhere
simple.

(ii) ¥ A, is effectively nowhere simple, then there is an r.e. set B such that

BNA,=@andif |W— A, =c then |WNB| =0,

We claim B—A is r.e. If not then as A;L1A,=A is an f-split, BN A,+8,
contradiction. Consequently we let C=(B —A) U B,. Let W be an r.e. set with
|W —B,|=0o. If W~ A is not r.e., then |[W N B,| = and hence |W N C|=co, If
W—-Aisre., let Vbe W—A. Then |V — A4, = and hence |V N B| =0, But
then as VNA=0, [VN(B—-A)=» and hence |[VNC|= so that |WnN
C|=v¢o. Thus C witnesses the effective nowhere simplicity of B,. O

The reader should also recall that all effectively nowhere simple sets have
semilow; s complements, and hence by [14] are all effectively isomorphic to &*.
Thus, in particular, all f-splits of simple sets exhibit deep similarities.

Nevertheless, despite these similarities not all s-splits of (even) a simple set
need be automorphic.

(3.2) Definition. A splitting A, 1A, = A is called a d-splitting if, for all r.e. sets
X, thereisanr.e. set Ywith Y c X and X — A =Y — A, such that for all r.e. sets
Wif W—(XUA)isnotr.e. then(W—-Y)NA;#0forj=1, 2.

Note that a d-splitting is an f-splitting by setting X =4,
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lower ‘global’ priority than N, (this is the only priority ordering that causes
difficulties), we overcome this conflict by squeezing N,. That is, we note that we
can put z into B, provided z € W,. Now, if W,— A+ Q — A, we get a global win
on N, hence the idea is to put z into Q first and wait till z enters W, before we put
z into A. If z so enters W, then we are free to put z into B;.

We now give some formal details, although this is really a relatively
straightforward 0" argument.

Let T=2%% Call members of T guesses, with <_ lexicographical ordering.
Assign requirements to guesses as follows. Let Ih(o) =8e +i. If i =0, assign o to
D,. If i=1, assign o to P} and if i =2, assign o to P2. If i =3, assign o to P,. The
other assignments are accomplished via lists L, (o) for k=1, ..., 4 inductively as
follows. Initially L, = w. Make no changes except as follows.

Case 1: i =4. Assign N, to o for e = uz(z € L,(0)). Let L,(07j)= Ly(0) — {e}
for j=0, 1. Let Ly(071)=Ly0)—{{e, i}): ie w}. (N, is assigned to ¢ as its
primary node.)

Case 2: i=35. Assign N,; to ¢ for (e, j) = puz(z mhmﬁqv and e € L,(0)). Let
Ly(07j) = Lx(0) ~ {{e, i)} for j=0, L.

Case 3: i = 6. Assign R, for e = uz(z € L3(0)) to 0. Let Ly(07j) = Ls(o) — {e}.

Case 4: i=7. Assign R,;; for {e,i,j) =puz(ze Lyo) and e e L;(o) and
je{l,2}) to 0. Let Ly(07j)=L4(0) — {{e, i, j}}.

To indicate e has been assigned to o we write e(g) =e.

In the construction to follow, we work in substages ¢ of stage s. We write this as
stage (s, £). In the construction we will define a string o(s, £). We say a stage s is a
o-stage if o < o(s, t) some ¢, and s is a genuine o-stage if o = o(s, t) for some ¢. If
lh(c)=5 (8), define (o) to be the unique Tc o such that e(c) =e(r) and
Ih(z) =4 (8). Similarly, if Ih(c) =7 (8), define (o) to be the unique T < o such
that e(r)=e(o) and Ih(z)=6 (8). If Ih(o)=4 (8), define a stage s to be
o-expansionary if s is a genuine o-stage and for e=e(o), W,,cQ, and
W,.—A,=Q,— A,. Note that we need only consider those W, < O so that we
can suppose, without loss of generality, (Vs}(W, ;= Q). If In(¢) =6 (8), we say s
is o-expansionary if X, ,—~ A, # Y, ,— A, for e = e(0). We append a superscript ¢
to a parameter to give its value at the end of substage . We also use the standard
notation of initializing. At stage s we let {a;,: i € w} list A,.

Construction

Stage (s +1,0). If Wo,NA, =9 and (3z)(z € Wy, and z>a,,) put z into
A1 — A;. Declare o(s +1, s + 1) = 0 and initialize all y € T with 59& >1. Goto
stage s + 2.

Otherwise, if Wo,NA,; =8 set o(s +1,0)=1; if Wy, NA, #a set o(s +
1,0)=0.

Stage (s +1,¢+1). Adopt the first case to pertain. Let o=o0(s +1,¢). Let
e=e(o) and i = i(0).
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Friedberg splittings of r.e. sets 189

Let TP denote the true path of the construction, i.e., the leftmost path visited
infinitely often. We need to argue that for ¢ TP, lim, r(o, s) =r(0) exists,
lim, m(o, e,i, s) =m(o, e, i) exists, g(0, s)=gq(o) exists and each positive re-
quirement requires attention at most finitely often. This is argued inductively.
Suppose the result for 0~ where o= 0""i. Let, as usual, s, be a o-stage after
which we are never above, or to the left of o. Then if 1h(o) =0 (8) or Ih(c) =2
(8) it is clear that we will succeed for ¢ as there is only a finite restraint. If
Ih(s)=1 (8), then the only reason would fail to meet Pl immediately is that
there is a (unique, by construction) T<; ¢ with lh(z)=4 (8) and xe M, ,—
We(z),s» This means that, as o = TP, 6> t70 and hence there are infinitely many
77 0-stages. Then at the next o-stage s, >s we know that since x will enter
We(r),s;, we will be free to add x into B;,, meeting PL Tt is clear that the
m(o, e, i, s) and g(o, s) will be defined at the next o-stage if needed. Finally the
R, and R, ;; are met. If Th(o)=6 (8) we know that there will be built a set
Y, =X, on A as is forced as the last step of stage s.

I 1h(o) =7 (8) then we meet R, ;; there. This follows since such o must extend
770 for 7 = 7(0). The construction ensures that o gets its chance before we force

X,NA=Y,NnA. O

The result above obviously leads to the improbable suggestion that perhaps all
d-splits of a (simple) set are automorphic. Again this is not the case. We parallel
some result for ‘d-simple’ sets of Maass et al. [15].

(3.4) Definition. Call a splitting 4,1 1A, = A an inner splitting if for all r.e. B, if
(B —A) is not r.e. then there are f-splittings B = B, I B,= B, 1B, such that
B,c A; and B,c 4,.

The reader should note that (3.4) is parallel to the splitting property of Maass et
al. [15]. The argument [15] shows

(3.5) Lemma. If A; 1A, = A is an inner splitting of A, then both A, and A, have
promptly simple degree.

Note that if A;L1A,=A is an inner splitting and A is simple, then A has the
splitting property (namely, for all r.e. nonrecursive B, there is an f-splitting
BiLIB,=A with B;cA). It is not clear if all sets with the splitting property
necessarily have an inner splitting.

We can show

(3.6) Lemma. If A=A LA, is an inner splitting, then it is a d-splitting.

Proof. The argument is along the lines of Maass et al. [15]. Let A;L 1A, be an
inner splitting of A. Given Xlet X = X, L1X, = X, L X, be the f-splittings of the
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Friedberg splittings of r.e. sets 191

For T, We have a length of agreement function I(e, s)=max{x:(Vy<
X)W, ;LU V,,=Q,)}. Let mi(e, s)=max{t<s |I(e, £)}. For any x <mil(e, s) we
only let x enter A, ,..; at a stage where I(e, £) > mli(e, £). (Note this is compatible
with P, since P, can put things into A via A4,. It will only cause minimal pair type
delay to R, ;)

For U,. If x enters W,, we will put x into C, or D,, and we must keep C, c B;.

For Qﬁmb. If C,,NW,,=0 and some x = W, enters W, ; before A,, we would
desire to put x into C, (meeting V, ; forever) and therefore we need x to enter
Wu..i.u.

As the reader must guess, the only real conflict here is between U, and T,. T,
wishes us to wait till numbers enter W, or V, before we add them to A, whereas
U, asks us to build C, and D, to split W,. However, in the usual 7, way a version
of U, guessing that T,’s action is infinite can live with this delay. This simply
delays building C, L1 D, = W, till a stage where the relevant elements enter W, or
V..

Again T, is compatible with U, as we can enumerate elements into A, and U, is
compatible with K, ; ; by enumeration into D,.

The remaining parts of the argument fit together in the usual way as with (3.3)
(but with much detail). Fitting in either lowness or prompt simplicity causes no
especial grief. 0O

So, we see that the only known simple sets such that all f-splits are automorphic
are the ones from [5]: the f-quasimaximal of rank » (n fixed). Indeed, they form
an orbit. We offer two conjectures here:

(i) If A r-maximal then the f-splits of A are all automorphic.
(ii) If A is a simple set such that the f-splits of A form an orbit, then either A is
r-maximal or quasimaximal of finite rank.

4. Friedberg splittings of creative sets

One conjecture left open by the previous sections is that f-splittings of creative
sets form an orbit, where we define A to be f-creative if A is half of a splitting of a
creative set. In this section, we address the degrees of f-creative sets. First, not all
(complete) sets are f-creative.

(4.1) Theorem (Also observed by E. Hermann). If A is creative, then A is not
f-creative. Indeed, A is not f-anything.

Proof. There are many proofs. Let KLIB=C be creative and let K=
{{x, y): ¢.(»)|}. Letid(x) =x be the usual productive function for x. We build a
recursive collection of r.e. sets Wy, as follows. (These are given by the recursion
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Friedberg splittings of r.e. sets 193

here). But since no number, added to K for the sake of P, or R., can enter A, we
must have E, N A =#. But then E, — K* is not r.e. so AL B is not an f-split. [

Conversely, we have
(4.3) Theorem. Let a be promptly simple. Then a is e-creative.

Proof. Let A be of promptly simple degree a with witness f. We build
CUD =K%, to meet

R: C=rA,

Ry InNeKl=® 2 |n\.Al=L

R:  |nN.K|=® 2 |npN\.D|=1 and
R: Ar=C.

Again, we need to build K* = K @ E with E used for coding. This time on the
odds we do a construction similar to (2.9) so we only sketch details. Divide
2w +1 into @ boxes, the x™ box having x + 1 members. A requirement R, can
only use elements from box 27 + 1 onwards. The coding is if x enters A at stage s,
put the remaining elements of the xth box into K* N C.

The R, (R,) get to decide the fate of at most x of these elements (the
remainder goes into A). They do so exactly as in (2.10). Namely, they use
auxiliary sets and the prompt permitting function to see if elements when they
first achieve some state n will promptly enter K*, and if so we can putin the C (D) if
necessary. The remaining details run along the lines of (2.10) but are easier. [

(4.4) Corollary. There is an orbit of €* consisting of sets of precisely the prompily
simple degrees.

Proof. Let O be the orbit generated by the e-splits of a creative set. Thus
deg(O) 2 PS by (4.3). If CLID is an e-split, it is an f-split and so has promptly
simple degree by (4.2). Finally, f-creativity is elementarily definable (Harrington,

see [24]). O

Remark. This result can also be proven by constructing in each promptly simple
degree a non-hh-simple r.e. set with the splitting property and semilow
complement, and apply Maass [14].

It is not clear if the property of being an e-split of a creative set (or indeed an
e*-split) is elementarily definable. We also conjecture that if A is f-creative then
{deg(B): B = A} runs over all promptly simple degrees.

We now go back to our original question of whether f-creative sets form an
orbit. We cannot use d-splits for creative sets.
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Friedberg splittings of r.e. sets 195

x into A. The strategy for the R, runs as follows:

Basic module. For the sake of R, we build a recursive set Q,. In this case we
begin by building A < w® and let Qy= V. If some z, occurs in Z,N 0@ at
stage s;, we promise that no number =<z will enter X, after stage f(s,), f a
recursive function.
 We can ensure this in one of two ways.

Way 1: enumeration. We enumerate all y <z, into A, immediately and wait
for such y to enter Xg s,y U Yo 5, for some f(s;) >s,. [The existence of f is
predicated on X,LIY,=A.] Note that after stage f(s,) since 2z, e€Z, and
ZyN Xp =9, no number <z, can enter X,.

Way 2: nonenumeration. We promise that for all y <z, if y € A, then y € A.
Again since z; € X, as z; € Z,, this causes us to be able to compute f(s,) where
Xorsplz] = Xolz1).

We remark that, as we will see, the choice of ways is important for degree
reasons.

Inductively, assume we have defined z; as we did for z,. Now we wait for
Z;41> 2; to oceur in @® N Z, . and using one of the above strategies, causes us
to fix Zo,;,, [2i41])-

Now either the module acts infinitely often, so that Z, is recursive; or the
module acts finitely often, in which case, (Q¢) = @ PN (Z,UA)=*8, so that
Z, U X, is not simple.

The reader should think of the above as attempting to maximize the state of
certain elements. We seek to define a stream of numbers T, = {z,, 2,, z3, ...} in
the high O-stage where we will in the future build our sets. Note that if R, acts
infinitely often, T, is a recursive set. .

Of course there are, as usual, two versions of R,, and two of P,. A version of
P, guessing that R, acts only finitely often, chooses a follower in w®. One
guessing that R, acts infinitely often, chooses one in 7. Now a version of R;
guessing that R, acts only finitely often, uses Q;= ™ as above. The only
difference here is that in Way 1, R, is only allowed to enumerate into A numbers
under its control. Namely, if it sees u, in O; N Z,,5, it can enumerate all y <u,
into A with y not following Py, P, and y ¢ ™. This is fine since this version of R,
‘knows’ that nothing in @™ will enter A.

The version of R; guessing that R, acts infinitely often, uses Ty as its universe.
It begins with a recursive bijection g: @ — T, and uses g(0™®) as its Q;.

It is clear that the above is fairly standard and an e-state construction does the
rest. We Jeave the details to the reader.

Now we turn to degrees. We begin with (ii). To get (ii) we use permitting and
Way 2 (nonenumeration). Thus we need a set of followers xg, x4, . . . , devoted to
satisfying R,. Once these get the right state, they form a recursive set and so we
eventually get a permission in the usual way.

(i) This is more difficult, but still fairly standard. We must achieve two goals:
coding and high permitting. Let H be a given high r.e. e-dominant set. (We
assume the reader is familiar with high permitting.) We basically need to know
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Friedberg splittings of r.e. sets 197

We let mi(s) =max{l():t<s5) and Is(s)=max{0, t:t<s and I()>mi(t)).
We say ¢ is expansionary if I(t) >ml(#). Now at each expansionary stage s we will
enumerate V; — Vi, into either Q or R. We should put this into Q whenever
possible. As usual, we regard A as controlling V and don’t allow V-changes
unless A changes below the relevant use. Thus if I(s) >x, V]y,(x)] can change
only if A[@.(y,(x))] changes, where y, and @, denote the use functions of I, and
P, respectively. Note that the only ‘conflict’ here is that once x enters H if x later
appears in V, then we must put x into V (to keep O N R =@).

The main idea of the construction is not to get too keen in putting things into
H. In particular, we must wait for ‘setups’ to occur for all the higher priority
requirements before we really attend D, ;.

Each time a requirement M, ; or Dy; acts it initializes all lower priority ones and
M, ; resets its restraint to be 5. The cycle for a single M, ; is the following.

Step 1. Assume M, ; has been initialized for the last time by higher priority M;;
and D, .. At the next e-expansionary stage we define a marker A(e, i, s1) = A(sy)
to be 5. (As usual s exceeds all uses, etc. seen so far.)

Step 2. Wait till I(s;) > A(s,) = A(sz) = A while between Step 1 and Step 2 all
M, ; and D, ; for j >i have been frozen, and remain so until we complete a setup
for M, ;.

At this stage s; we choose a follower x = x(e, i, s) targetted for A. Note that

(5.5) x>u=max{g,(z): z <A}

Again note we initialize all lower priority requirements (who can hence only
choose y > z to add to A). .

It follows that, if all the requirements of higher priority than M, ; have ceased
activity by s, then

56 Aul=Alu]
and hence, by monotonicity of the uses,
7)) V[Al=VIA).

Step 3. Wait till s> s, with I(e, 55) > x.

Again, as explained earlier, as R.; acts, we initialize all lower priority
requirements again. We now declare M, ; as active with a complete setup, and
unfreeze all the M, ; and D, ; for j >i. The point is that, unless we do anything
else,

V(@] =VI[i], where 4 =u(Il(V,,;x))

(since # <s; and by initialization).
Step 4. There occurs a stage s, > 53 with O, [2] = W, [#].
The key claim is that

(5.8) V., (2)=Q,(z) forall zwith Asz<4a.
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