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Abstract. We describe new results in parameterized complexity theory,
including an analogue of Ladner’s theorem, and natural problemns con-
cerning k-move games which are complete for parameterized problem
classes that are analognes of P-space.

1 Introduction

The theory of NP-completeness provides an excellent vehicle for explaining
the apparent asymptotic intractability of many algorithmic problems. Yet while
many natural problems do behave intractably-in the limil, the manner by which
they arrive at this intractable behavior can vary considerably. The standard
NP and other completeness models are often {ar too coarse to give insight into
this variation. To be specific, many natural computational problems take input
consisting of two or more parts,

Ezample I. The Vertex Cover problem takes as input a pair (&, k) consisting of
a graph G and integer k, and determines whether there is a set of k vertices in
G such that every edge in G has at least one endpoint in this set.

Ezample 2. The Graph Genus problem takes as input'a pair (G, k) as above, and
determines whether the graph G embeds on the surface of genus k.

Ezample 3. 'The Planar Improvement problem takes as input a pair (G, £) and
determines if G is a subgraph of a planar graph G of diameter at most k.

Ezample /. The Graph Linking Number problem takes as input a pair (G, k) as
above, and determines whether G can be embedded in 3-space so that at most
k disjoint cycles in G are topologically linked.

* Research supported by Victoria University IGC, by the United States / New Zealand
Cooperative Science Foundation under grant INT 90-20558, by the University of
Victoria, and by the Mathematical Sciences Institute at Cornell University.

** Research supported by the National Science and Engineering Research Council of
Canada, and the U.S, National Science Foundation under grant MIP-8919312.
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Ezample 5. The Dominating Set problem takes as input a pair (G, k) as above,
and determines whether there is a set of k vertices in G having the property that
every verlex of G either belongs to the set, or has a neighbor in the set.

With the exception of examples 3 and 4 for which this question is open, the
above problems are known to be N P-complete. But what can be said when the
parameter k is held fixed? For examples 1-4, there is a constant « such that for
every fixed k the problem can be solved in time O{n®). For examples 2 and 4 we
may take o = 3 by the deep results of Robertson and Seymour [17] [18]. Example
5 illustrates the contrasting situation where for fixed values of & we seem to be
able to do no better than a brute force examination of all possible solutions.
We are thus concerned with an issue that is very much akin to P versus NP,
The previous papers of this series [7] [8] [9] [10], established a framework with
which to address the apparent fixed-parameter intractability of problems such
as example 5. We feel that our framework provides an important contribution to
the analysis of complexity of combinatorial problems for the following reasons.

(i) Distinct from most other notions and classes inroduced since the original
clarification of NP and PSPACE completeness, our framework is applicable to
a wide class ol practical problems.

(ii) Our framework provides a refined measure to that helps to explain the
apparent diversity of actual behavior of many hard problems, as well as having
numerous other applications.

2 Preliminaries

A paramelerized problem is a set L € Z* x Z*. Typically, the second component
represents a parameter k € N in unary. For k € I* we write Ly, = {y|(y, &) € L}.
Consideration ol examples 1-4 of §1 leads Lo three flavours of tractability and
reduction.

Definition 1. We say that a parameterized problem L is

(1) nonuniformly fized-perameter tractable if there is a constant « and a sequence
of algorithms &, such that, for each 2 € N, &, computes L, in time G(n?);
(2) uniformly fized-parameier tractable if there is a constant a and an algorithm
& such that @ decides if (z,%) € L in time f(k)]z|* where f : N — N is an
arbitrary function;

(3) strongly uniformly fized-parameter tractable if L is uniformly fixed-parameter
tractable with the function f recursive.

Example 1 is strongly uniformly f.p.tractable (as are most examples of f.
p. tractability obtained without essential use of the Graph Minor Theoremy).
Example 2 can be shown to be strongly uniformly f.p. tractable by the methods
of [14} (the GMT alone gives only give nonuniform tractability). Example 3
can be shown to be uniformly f.p. tractable by the method of [13] (since the
technique of [14} is nol presently known to apply, we do not know a strongly
uniform algorithm). Example 4 is at present only known to be nenuniformly {.p.
tractable. Il P = NP then example 5 is also f.p. tractable.
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.. .{alternating quantifiers} such that, when the variables in ¢; U - -Ut, are made
true, and all other variables are made false, formula p is true?

Definition 10. AW is the set of all problems that fp-reduce to PQBF,

AW appears to be too large a class for our purposes. Instead, we concentrate
on the class AW [«].

Definition 11. PQBF, is the restriction of PQBF in which the formula part
must consist of ¢ alternating layers of conjunctions and disjunctions, with nega-
tions applied only to variables, and the main operator a conjunction. For ex-
ample, if ¢ = 2 then the formula must be ir conjunctive normal form. AW|t] is
the set of all parameterized problems that fp-reduce to PQBF,, and AW[+] =
U, AW|t].

Definition 12. A parameterized problem X is AW [t]-compleie ilf X is in AW [t]
and every problem in AW(t] fp-reduces to X. X is AW [#]-complete iff X is in
AW([#] and every problem in AW[+] fp-reduces to X.

Short Geography can be shown to be in AW[3]. This section sketches of a
proof that PQBF, fp-reduces to Short Geography for every 1. The reduction is
actually from a restricted form of PQBF,.

Definition 13. Unitary PQBF, is the restriction of PQBF, in which the pa-
rameters £y, ..., k. are all 1.

The proof of the following lemma can be found in [1].
Lemmald4. Fort > 0, Unilary PQBF,, is AW[2t]-complete.
Theorem 15. Short Geography is AW [+]-complele. Hence, AW [¥] = AW(3].

Proof sketch. We reduce PQBF,, to Short Geography for an arbitrary ¢ > 0.
Let I =(r, ky, ..., ke, 51, ..., 5, p) be an instance of PQBF,,, and assume
that » is odd. The reduction is a modification of Schaefer’s polynomtal time
reduction from QBF to Generalized Geography [19]). The graph on which the
geography game is played has three parts: the choice component, the formula
testing component and the literal testing component.

The choice component is similar to Shaefer’s, and is designed so that player
1 chooses a member of 51, then player 2 chooses a member of sp, then player
1 chooses a member of s3, etc. A total of 3» moves are made through this
component, and it is player 2’s move at the end, where the game eniers the
formula testing component,

The formula testing component is also similar to Shaefer’s, but has 2¢ levels.
It uses player 1’s moves to simulate disjunctions, and player 2’s moves to simulate
conjunctions. A total of 28 moves are made through this component. Play ends
at a literal verlex v, corresponding to a literal in formula p, with the move being
player 2’s,

a79

A literal vertex v corresponding to a positive literal z has an edge to the ver-
tex vz in the choice component that corresponds to z. If v, was chosen (variable
z is true), then player 2 has no move, and player 1 wins. If v; was not chosen
{so = is false), then player 2 moves to v; and wins.

If literal vertex v corresponds to a negative literal Z, then the literal testing
component has edges (v,uz) and (ug,v:), where u; is a new vertex and vy is
the vertex corresponding to x in the choice component. Vertex u; switches the
initiative, and causes player 1 to win if v, was not chosen, and player 2 to win
if v, was chosen.

In summary, player 1 wins if and only if [ is a yes instance of PQBF,. The
total number of moves is at most 3r + 2t + 2. Since { is fixed, the conditions of
an fp-reduction are met. m)

4 Density and other Structural Results

We begin with an analogue of Ladner’s density theorem. At present we can prove
this only for strong unilorm reducibility.

Theorem 16. /f A and B are recursive sels wilh A < B and < etther of <}
or <}, then there is a recursive set C such that A< ADC < B.

Proof sketch. We begin by recalling the proof of Ladner’s [16] density theorem
for the polynomial time degrees. Recall that this works as follows. We are given
recursive sets A £ B (working with <%, say). Let {z, : n € N} be a standard
P-time length /lexicographic ordering of Z*. We can assume that A and B are
given as the range of P-time functions with domain N in unary notation. We
write A, = {f(19),..., F(1M)} il S(IN) = A in this sense. We can also ask that il
N > 1f(1¥~Y)] then for all z > y, |f(2)] 2 [£(1¥)]. We call this a P-standard
enumeration. So we will assume that we have such enumerations of A and B.
Recall also for a reduction 4 on a set E , u(A(E;2)) denotes the length ol the
longest element used in the computation. Let {$}, : ¢ € N} denote a standard
enumeration of all P-time T-procedures.
We must build C to satisly C <P, B and the requirements:

e : PA®C) # B
Rheys : B4(A) £C

For the sake of the R we define a polynomial time relation R(n)on N = {1}*.

Then we declare that z € C iff R(|z|) = 0 and 2 € B. Clearly this makes
c<h B

—_m

Now we meet the [t} in order by ‘delayed’ diagonalization. moimvmmwsimwr
R, At each stage s, set R(s) = 1 until a stage ¢ is found where (i) - (iv) below

hold. (Ifere we consider s,t etc as being in N.}

(i) 90, (A ® 0; 2,) | in less than ¢ steps.
(i) Adlg] = Alg] if |g] < w(Po(A, © B 20)-
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and furthermore, there is a reduction Ag with time bound ¢.(k)|z|" for which
Ag(A()) = B(¥)

Note that for the basic module, Aq is simply &,.
The Basic Module for R;. ,

This is essentially the same as for Ry except that for B; we wish to set
C({z, k}) = B({z,k)). Herein is the basic conflict: an even-indexed requirement
R; asks that lots of rows look like @ and an odd-indexed R; asks for them to
look like B.

Combining Stralegics.

We cannot perform a delayed diagonalization as in the proof of Ladner’s
theorem, since we cannot know if ¢.(k) is defined. The combination of strategies
needs the priority method. Let us consider a module for R; that works in the
outcomes of Ry. We cannot know if this outcome is (0, f} or (0,00). Instead
we have a strategy based on a guess as to Rg’s behavior. Basically /2y always
believes that £(0, 5) is k{0), that is, that the current value is the final one. Let
e =¢e(0), n = n(0), f = e(1) and m = n(1).

Whilst 1) believes that ¢.(k{0,0}) 1, B; acts as il Ry is not there. So if
k(0,0) = k(0) and $.(k(0,0)) T then we win R, for the same reasons as we
did for Ro. On the other hand, if ¢.(0) | for some least stage s, then Rg will
assert control of C{#<(*(%:0)) For the sake of Ry we have probably been setting
C(0,2) = B(0,z) {or all = with |2| < 5. Since Rq has higher priority than R,
Ry must release its control of Cy (and indeed of C; for j < ¢(k(0)) } until a
stage, if any, occurs where 2(a) pertains to Ry so that Ry is satisfied and releases
control forever (or it becomes inactive because of a time bound being exceeded).
Note that if 2(a) pertains at ¢, then R, is [ree to reassert control of Cp for all
y of the form {y,0) with |y] > 1. Also, in this case, as R; is the requirement of
highest overall priority remaining, its control cannot be violated and hence it
will be met.

On the other hand, while Ry can hope that 2(a) will pertain to R;, Ry may
have outcome (0, 00) and Ry will never release control of Cy. The key idea at this
point is that we begin anew with a version of R, believing that k(0,s+1) = &(0).
That is, Ry will never again aci.

This version of Ry can only work with C; for g > ¢.(k(0,s)) = ¢.((0,0)).
Some care is needed since potentially we need all of B to meet R;.

An elegant solution to this difficulty is to shift B into C above ¢.(k(0,5)).
Thus R; will ask that

Cl(z,9)) = B({z,9 — ¢.(k(0, 5)) — 1})

for ¢ > ¢.(£(0,5)). It does so until either £(0,%} is reset again, or 2(a) pertains,
or the time bounds are exceeded. In the latler cases, it reverls to the (0, f)-
strategy. In the first case it begins anew on ¢ > ¢.(k(0,1)). Since this restart
process only occurs finitely often, it follows that we eventually get a final version
of R; whose actions will not be disturbed.
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Thus there is a final version of Ry that is met as follows. As lim, k(0, s) = k(0)
exists, there is a value r and a stage sy so that for ¢ > r and 5 > s¢, R} is not
initialized at stage s and can assert control on Cj, if it so desires. If Ry has
outcome (0, f), then r = 0, otherwise r = ¢.(k(0) — 1) + 1. So we know that if
R, fails then for all § there is a stage h(j) (computable {rom the parameters r
and sp) where for y with [y| > h(j)

QQ@._ r +uvv = .WQ@L.Vv and

Gy (Ai{y,r +74)) = Cly,r + 1))

Thus il 2, fails again we can prove there is a reduction A(A) = B with running
time O(]z|™) and computable constants. This is a contradiction,

The outcomes for R are thus either (1, c0) and (1, f). In the former case we
know that for a finite number of rows j and for almost all y, C({y, }) = B({y,j})-
But we also know that for such rows there is a reduction Ay such that

A;(Ai(y, 7)) = C((y,4)) in time O(ly|™)

and computable constants.

We continue in the obvious way with the inductive strategies. Consider e.g. Ra.
It is confronted with at worst a finite number of rows permanently controlled
by Ry and a finite number by Rj. However, in each case we know that there is
a reduction from a computable number of rows al A to these rows, and hence a
reduction

GMA.\—“ AQ.QVV = Q:.c__.wvv

for all j cofinally under the control of either g or ;. Therefore to argue that
Ra is met, we get to use Yo to help construct a reduction from A to B. That
is, for I, let e = e(f) and n = n(i). Then inductively we have a reduction and
constants p(2), m(2) and r(2) with

7 (A™D; (2, §)) = C({z, 7))

for all j < p(¢) running in time m(2)jz|"®. Futhermore, we have a stage s, such
that for all k < 3, Ry ceases further activity.

Therealter Ry is free to assert control over any row g of C for ¢ > p(2). If we
suppose that Ry [ails, then for each such g, Ry will eventually assert control of
C, at some stage h(g) 1o make C({z,q)) = 0 for all = with {z| > h,(¢) and we
have ®,0)(C') = B.

Now to get a reduction A from A to B we go as for Ry except that now
if $¢(3y makes an oracle question of {y,j) for j < p(2) ,we use ¥; to answer
this question.Thus we get a reduction 4, that runs in time O(|e[ (P72}, with
computable constants and correct use. Thus again B < A, a contradiction.
Further details can be found in {11]. a
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